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3. pofroups - Syl sebproupe - HEFARE

A) Let p b & proee .
b called w pogroup |
/b m /\Q.vc, many s‘/ua'.-l /m?crﬁu whlied o not Adonj

G fiile groupe peserally. A fovd many of Miew frtlos from
; Lenamn Sl let Ko p-gop G be reprecentid by permutations

0’2’-&8@‘?)( CnJ“Y&/&&é#aﬂ&QMJV}XkﬂAJ

| are l#(: imvariand L‘_y Then  1X1 = Y[ mod b,

For by 45, & X, & oo of He Trmnsibidy classes o /s
rprescdihion of G, Hen [X| Sivides le order o &, Siica |G|
a  pewer of p, eller [Xil =1 o <dse |X5] & Keisddla é]/"
Mewea [X] = Z[Xel = [Y] med p, Sice [Y] & lie rumder o
clocscs X will a« Sus'[-. lamert . '

{ Theorer. 52 Lt 6 le a p-§roup -
!

A Wuﬂmo"&r.b a power of p

Uy Lt K< 6 ad K+12., Thow Kn 36 41,

(Y G # 1, Hen 36+ 1.

) !:v-efy, mimivand nowmal s “’l’X""“f ot & Au ordec p and loes o 36.

@ Lt H be a proper subponp of 6. Then H< N (H) .

v) Ewe»y J% of k;o(ﬁ,x}) a nprmad w G

(vi) Ew,y? g imal Swlrfmuf o & of alal.n‘,: 5 Aenca. normal .

(vii) Eve-:, cLu.f ftcf'cr ot G has (mlu-f. :
Pw.,;; u) Af,,(g 51 & ha x,mﬁt.tm b o4 6 by autrmomphion

not Q"‘i’é} Since L Ccsd'anui Bwé IX] =]K] = ,6 wndk Sowma T>0
!Sy_l‘f,&ul(#'-ll Nemen Y[ o ab leaot p, by 5-1,
Lil')c'o/t-.s,,cc:.l,m:.K G o (). :
(i) v K & «MMMJ% o G, e K= 1.
i Nenca Kn}G sk L. Buk _uerny 'J'X"wf of 36 o bl c-.G- Hem e
f\/\}@ /(Luom(u‘/b é\y/ﬂ.lnu\.wm—l»@'j—/(




@) Bj 24, H o o p-grovp Ond lG%Hl'-'—'-fr,wbﬂ PP>O0 Sueea H< G,
Tlhe reprosdidion T o G b of dapee pT. Apply §o1 b Mo rediichios
£ o 5 & H. Ten X o Mo sob of all coseli ¢ H X G and
amons. Meae o H deedf |, whik o Avariand wnder H  Svice HH =H.
Siee X[ = pT, b follors Mok [V o b least p, for & & aot 2er
Hewea HEH =HE fu':-—c,-eéuptfofG-MLx'éuLH.
This »:.f,lw; llat SHE < H and 30 gr"e Ne () . Siea FEH,

we Thua fiuid H < Ng (H).
V) and (/) are snmenale canauu.. of@vl
i) followa 7‘0»(0) Sica a clu.{ f*(f'a«r H/K of G b o mimeed
noened J;omuf o} ba p-group G/K. '
T2 A sechion LIM o} any prowp 6 i cadled « ediul foidor 4
G i M< G Lm < 3(6/M) . Ris wplico b L G
asd 52 (i) Shkows Lk o A—_rpr:tnu.pG’ Mmd4ﬁ.aiwma
cendoal factor .
2 AWGMWK&'ML{-‘LLAa_MJM
B) Apropos fa proot o S2(V), we noli here
Lemma 525 Jf H o any sulgrows of o growp & and N=N_(H),
ton Ho centralizer of T3(6) A Z(6) comoials o all fto Kwads
5 e *
() : Hf — aHf= Huf (5e &)
wbh €N . l6 b bmevplic bt N/H  and o ondu [N:H| &
/’hnu»icrquwa‘i &.;It,rffm-fuﬁé..f’ﬂ. :
Rave absesdy notd Mok HEH = HE it and oy 'y SelV
Ty i weN, b «H=Hx and (<) i Hicfwe a
frermudation  of /t.,&l:Xoj,aJLcncb-thG- It et
(D nmd..t/q,“x bt o xfH Men GO mapc H ks
Hx = H. Futler |, & (xp) = €, (P f’,,(od so Mkt x— £, (X")




(xeN) «—rffm-zwéd'wv o N wilt kemel H. Tuwe 4, (N) 2 N/H.

Tt b e Rak 8y () ommude wilt T (9) for all xeN, neG.
/é < Lofo.ga(x/iote-fnlcurq- HLG—)»‘Z(G-X MJ%‘CW:H
inds The coset M* ,tea’Cn;ua""Ntf Hy w& H* for Ml 6.
Hremen H§_H7g for Al geH, so H = H*H axd H'=H«
bt deN. Thio € =4 () aud 53 & proved.

(&) Lk p ke a prme «nd bt G’A&&&rtufoi,on:‘u‘f;‘m
e On, p) = 1. Any %460}%) o cdled a Sylow
prsabgrowp o G, Tua § b a Syl posibprop of & i and ok
(fSw&fWMAIGSlwlbm&'f I p Sees not
Neide |G), A=0 ad Be oly S5lno posidgrowp of & o te
unil Subgrowp.

VIR / % foa:wm.ﬁ /te,»cw dee & L. SJ[ow 1&31-17/8' (73 f:‘»}xm-d’d

L Thepetwn &tk ) ENv\JMG Sin  wl land wus .leau)f-s«,l»smuf.
Ui) The $yloo p-subgrops of G ae all cojugle i G.

(1) E""‘VI’ ‘erq,é' o condamed i of leadt "‘"“‘J"“)Ib"“‘(‘sm‘f
u)muuwkwoj,sdluop%a{,&us mod p .

CPevp: () Sue B Wednndt. Ll X de o Subsel o G itk
IX| =p" and Lt § €. Then (XE] =p" by 106, Hoca le repular
refmeddww 4 & wdices a *e/:rucn»&fww f o 6 s

FQ@Y i Xo> Xf CIXl=p")
on  fha U,M) sebs X . Shee (s pP)=1, Re rumber pm—v a.o\)
p—a  are Rs chle. “7 e Same Algheat power of p for eacl valwe
f T =0, 0,2,y Pt S0 Mo degree of f @ prime &f and
Let X be any menber v]— e cwmrup\}\-:’ +m~uj':,\rvé¢1ﬂ‘4 and bk
S be He sladilizer o} X, m G. Them [X,) < p" ans 16 :8]=m,,
M[?(]} ) XS m X ida X X, i Lunéo“oj.urfaln anmmgf.#s
LM) kence [S] = (X, =}’n. Bt (O, P =1 axd /G:-Slz"ﬂ,.
Memca ,> Rorolaa 18 |55 Thas ISI:/a" fidi S N SJL)\J/-J%:?G




o~

Ui) "‘"’*}L’.‘T)- Let H de any J-«,L&rouf'df . K H’cfnovjaf.&'-lq'v)

we used Mo ralrichion & H g Ke represenkition 1, 4 G b aew
Reed ﬂam‘f'ncfwwf o4 T4 5 a .fcm:).fulrgmuf/( '0‘6“ Tle
'f?a.mlf'dnlé, class of f ohich Conduina o froon cosel HF cm(obq,
ol cosels o H whid u.ﬁe,(O%f;\l«.QI)a\HfK Tle seb HEK &
calle) a Snbl cosck o}HK,-s.,JmlMcmb F H,K w6
haoe i Co-mmw LeE'T‘o. m+muv¢n~Lﬁ/f4.}aw‘vLCM¢ﬁ
éH,K w &, -,MTCmfmmexa%me&u.tfw»\M»}
Mo Soudle cosels . Tken G—-t’iJTHtK and o Grme HeK are
Sijoink in paces.  Hence

IG:HI=\_§r’IHr/<=H’I.‘ | -

The numbera [HxK: H|  ase /ta,‘qm f Me Trmnadive cl.mf'ue..b
ej/hrqawafmfc}/( Neod <§ “-J‘C7 lie o flo Sawme cosek
de -f-mbu»%«}-,'cf7‘ceﬁ ueg"] e H". Taﬁ»ﬂ,f,']h‘
K we otfas.

Lewma 5.5, Lt H ad K be sbgropr of G, LE EeG
and (ntTLc&frwwmaL&/toMcneto;HKmG Then it

Badr IH§K : H] = IK: H'A K] ,
and « e : H| = 2 IK: H~A K],

Neow b H= S be « J:-,lo-wf &Lm?’@aﬁgl) ld'Kfu.m\j
prsubgroup o 6. Then 16:8] & prie b p d 5,6 55,
IK :8n K| w/:h»ol’i/: fn- Some e T, JSiice K&a./:-{m.,h
& follows TRak [K: STAK]=1 asd <o K=<3S", wlih & o
Jyloo P Subgrop o 6. T pirea (). If K & ackially a .
Jylow prsidprop g 6, Man |K| = |ST] and o K=ST & cnjusal
5 S w G. Thes puies Uir).

(V) Hewe we bke H=N(S) o) K=8 & & S's. By 45
Ca*r."l> e ke of Sylos p-slkgrreps “ f—pn«l &

[G: H], Swca ey ore all cmgvg,.b.&s 43@7). If S <$H,
fon [S: Hn S| & o posihbe powec o po If § < HT, [




S =x8<" s H ad §,5 we Sylbow p-subgrowps ¢ H. Bk S<H
a.d So S=3, 53 i) . Mewce c€H and HtS = HS . Thue Ree
s exactly oa Solle cosek of H,S via. He prodeck HS , for uflicd
[S - HrnSI o nol dnsidle Ly— p- For R -cxa;:f'wt one. , TEH
wd [S: HAS)|=1., Thae £ =2 1 med p and $5bv'’s Theorem

Eorplalaly = preosd

vq  as Copellarces . .
iccﬂv’a%f’fl /‘ ,b"~ dividea 1G], - G Aas .rthnu.I;.r ot ondac /"

For A}EZLWJ) o..%lw’f waﬁufS O‘«G"MJWJ,";QWW
ordr L, p,pr -, pr=IS).

On Ko otho hand , fto Gladdal prowp ZF Magworgidis of ocdac iz
Aa/: MS'»«LxxoufJ of owlu“ (e Iz-.u.—dh'c. and Mm‘ Erovps
TX) ad ZF(X) wilt IX/=n AU ol be denold by Z,, =2
Hom £ o nol” necessany & wbicale lhe seb X . Thie moy be Gben as
ﬂu,’.fu'.‘oj, L«.&gm I,l,w',n.)-

Note 1at a Su‘fnuf H 4 mdex 2w G i «.l.‘m\.,.c’am.z :

|G :H| =2 =»> H<6.

for §H=HS=H for ol Fc H ; whil of §e G-H (i G bt
nel o H), Min apain §H=HY sice each of Hiae soli consineidee
wl G—H . '

CwoMﬁ‘rZEveﬂ n.o-r-.qlf W&M#G—uwww ,
Kg (S) _Snes‘, hoe S & a Sl ,MJM%G Re(s) e

on

Foe by S, M< S° for Some Te 6. Sice M <G, we
o e M ME e SE e Ml P G Mo M<K (S).

LI




Covcllary 843 It H and K ase subyrowps o G such that N<H=K,
T hee N G ke normalizer w G o He Sylno p-subgrowp S of &, fhen
/K : HJ [ wed p.
For 'S o a Sylow p-sibgroup of botk H aad K3 and N=Ny(S)=
Ne(S) . Memca 1H:N| and |K: NI ae He numbers o Sylows prsihpmory
o H ad K, ropectively , by Si(ii). So [H:N[ = |K:N| =1 ~edp
by S ) . Comeguanddy |K:H|s 1 modp by 2:6.
Maove A«frffawt‘ [
;1 Lemma 526 let KD G ad bt S be a Sylow p-sulgroup 5 6.
|

i

Then 1 KSJK o a Sylos posilgroup o G/K and S K a Syl
p-Sbtror 4 K.

Pest - Baa%,,s's' UKS: Kl = IS: KnS| whick ia a poser
oj./a) hile Re idax o KS/K & 6/K & VPWBE |G : KS) by 35,
and Mo Horloles [6:8] by 206, Memee [G:KS| & prie & p.

j&,ﬁb S A-Zfaw [ISA K] & a power of b w‘J‘ /K : SnKl“ML

z ISK: 8] by 55 and [SK: Slu,bm&f
IIC"ﬂ’u@ﬁ: It 16 - KIw,Mb"/’ HKew S<K, [t 16:K]
b o power of p, Haw KS =6 | |

lef£ © be any seb of prmes . A Tonumber L a mumber

hr(mefmﬁwfm»a&n.w-m’ Leb’&ﬂocwamed‘w%
Scéq_!brvm.u Ew\y /ﬁo«/'wc ui;jcrn..‘nﬂv,,uiucnm-
9 a_m‘-Mm/Ler and n " @ a 'l nwnber M dedlermened
ég_n. us_gmy&mgéuuvws
of ovder IG-I_m. ie. Suck Mabk [S] 6 a w-number awd [G:S|
b a Wonamber.  When wm=p b a sifl prome , we come
back & fe solion o « Syl ,&-sul»x,muf~ which b [fe: Sama an
dm S,‘J\«Jrazfov*f, G o clled & Bpovp Howver (6] =[G
TS N iy Mgty - PRERE Y IG'/-B- - &

R emarte : H&WﬁJMM&CMILWJm&w/L&J
(aﬂircal-mémkalrw fﬂbt‘w'umyxa«ihﬁw\.aj.ﬂ




oflin woed by aslionomess = b o not omega bk pi i Ko sky.
” Clacty,  fha proof op 5.6 applia epually woll wilt p replced by
an M’Lb['myy sk o promas . & e may st
Lemma 5:7  Leb K< 6 and bl S be any Sg=subgroup of 6.
Ten n(S/K o an SQ—~£-JT.«.7, o4 G/K and SnK & an S $ubgrow

Exy
ok
e abo need
{ Lemma 58 /6 G hao a normal Sw‘wl;&rvufK) Hen every w—elomes
,MWW-JW%G‘&MJ&)AK. '
For b H b « U-Jutx/ronf. of@ Sww KtG, KH in '«

a.ﬂ»xmyb of G . B;} 5, |JKHI = [K]. IH:KnH] . HNee |[H: Kni]
- niamb  md IKI—/GA,. Hemew [H:KnHl=1 a3 H<K.




A) L&HL&«.S«W?G

W) e call H Slmormel oG .{w,.zd.fuew&;m
.Lcr&ocw}ér ve.o[-a-dcxlq}fhwcxwé «varouraH suck 1l
. : H=H, < H <H,<--- <H_=6. ! (Z)

@) We call H prowormel u G %M%%wag%dxtﬂf
w {H, H‘jf f’-“aa,feG

U)o el i H - lianorvicall o 6 if and ody Y Ng()=H.
Qv,&kc«u/’( dmm-»qlmG— :fudml:,%d;wé«{tﬁmmd
and dionoraed i

M%@MQMJMW

Hstwn &, Hpm 6 | Hden G , H abn &

‘[QW()'/ H-ﬂG—qu)ko'-;Hth#JJuMub
}/»mMLAG'.

Obvisualy H <G plin H sbn G omd aloo Hpm & 5 for H=HE
= {H,H*} for all § ¢ &. Sypme H sbn G bt lat H o not
romal W G e may asswne Keb (1) Aolly  and Kak H i nol aoemel
el Tle A N e dee el e Hoe H
H < H ad vo T={H Ky < H. Bk HaH s HaT and
H camot be cojugale & HT & 7’. Hence H o not promormel G
anSlmG'MHfmG' “"/‘47 H< &,

Te ol %%GM'Z#JWM&«MG—

A Goédf. $o we may piclire fhewe fibe cluses of Sihgrowps

[ %3
LRoworMr




	Hall_030
	Hall_031
	Hall_032
	Hall_033
	Hall_034
	Hall_035
	Hall_036
	Hall_037

