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Notw Bt H< G by SQ). Sia G/ 1, Mo adimizer Ag=Ag(H) & of oodec p.
Proed = () By 1431 @), Iwe & only owr choice foc Ay wa.
Ay =X’ Hue y=afT i FoxPTagy S 36= (8 o
o mdex pr oand /=AY & of ordic p and G o of clase 2. Aloo
G ={E,pt dwe 289 = X7, Then 9P =§"P for tomer, pace
Commatio il n . Sice [§7,9,7= €7 ad §P=1, wehar @, )1
becune p o oM. Then G ={En} wibt §'E7=5"F, 9= 1.
K=47,31 & nomal % G and elomendary ; G = (K, ¥} o 6/K is ochie,
No  elewmenk Oulfu-ol-.of K caa Lweoﬂlu-,: , S0 K= 2,6 .
@) By M3, B kv of A, o again unigpue. and G={f,n} M
q7En =Y. Hee G'=36=(Ft 4 4 odir2 and lfhue we ondy fun
ﬁm‘ltbt.u fx‘ *)" w2, ni= / M 0 . o 7‘:}‘2'3“;&‘3. . Suce
@QF) = g 7Y ¥ =97, and gET Fmeaforme b5 b dueme
for all c.f:;’c«fr, fse buwo cases we difiack. WO, H={f} ot
only yelic prowp } ocdor i i chacacliilic ; Auk Ol =8 becance eack of
fRe Mfr»fo f- fil, 7-‘-»7g" (r=0,1,2,3) Jnf...u an o hiom
4 0. F 9% 6 g8, 957 ad ¥ §o¥,959F, K
At O = {§5, 9%} hoe §* & of ocdir s , 77 of ordac 2 ad y*
Trameforme §° B & aveme. Thue At O 20 .

@) b Mo cane of O, alt Mhree Subproups of mdex 2 ase gpelic . Hence
4 5.7 ae ay o Aom. Commudig elements ot Q, we have ®=YE,,7,}
wd §2F,, 99 & an adbsrphion. Hence |Auk Q1= (§-2)(8-4)=2
o & §5n)>5n ad pitey’, fin 3=p~1 ad fuap’
Jo\s-a{“,/gﬁgzg,. S}nmw&‘ /QMIWa»’»Mxl.;&
Mfully MWM&MMQ AaJJoMQ:ST,UIDC—
SAT =1 ad 7 & Mafroup of trmur aulomorphioms of Q.
TR/ i elomnatary of ocder 4, 58 JAKT) =6 . Buk Cs(T)=1.

b 2.8 AdQ NS
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V). HNee we have firec fo—ulﬁ. Jncu for Ao by 14:32, add G={£,93
Ave '8y eile §T, 0 0r §77 Let 1= 57 ke
fn(’m Mu.(l)ﬁl‘f»mh? we fave G'= (I} = 36=(§*} a«QG-
hofclaodz)u)aqum‘(s #_GmdLA’L&ILa_/(%u
eyche , we may Juﬂww_f’t §° ad odtai (E7)=1. /A (7§ﬁoun‘-
670&,\:. Léio:{-l'jlu;(n—-zl) A QuyaubcMadclm.z_?.i g/
G umm)b’hdﬁm&%%w,ﬁ;)w/ﬂ.&fﬂl’w na
Woju&zmcdctc. mlwuad.mab,uﬁ._ﬁ 17'
tj/u—(n-.?.l) ”eaa.,JZL Contaiie a-lL/tc,vaw?G awd G an
M“VW”’W"‘ Sarndiroll w G. :

Q) h Ke remaiuing b caser , ) Tramaforms I2 b b invere  and 36={1}
w of order 2, [7,3}"'; Cor 'Y and  Suecrsrie Commundations wva7
8»6@ §”"‘,§, £, . Meace G i o lase =t ad O, G {E¥F.

mv’gh»\mluumtww(n‘d L and §. HNowever wfhen

7~'g,_';y we have (1§)*= 27 and Ho o choicn for 9t lad & Mo
Same proup Ppn , of ibiveNak Gpe . Tekip 9*< 1, (391 & fan
# Gpe O omd (59T} of bpe @pus Ofen 767 =87, e hoe
QED =y for sl . Ul gr< i, we kave He group O in whicd
euevaw o-a..buln,'(f] uaj-om(nrz, %—.73‘2‘7‘,“‘“@’\1«.’
whicd  every elmenk okside (¥ & of ovder 4 . mww
g (V) are dear, :

or«lnr/;’?’
/ba.,eo(tu'G’uCgb‘a-c «'J«.,b-az ué@t%wmj fa{

Sowe M = 3, (/\\GLJ:.‘ e cace Q=Qg,1\ - G ﬂ}\-.nq#uthub\,
mno,clu,

Pr\)O}: S“ff“‘Gw“AW¢A°%%M”*1%G‘
MALMA»:’ o ooder By /4—3(1),“"7anwa=2. 1
By 13 W), , G muck be of bpe Quu for some . By
mMu»m'n, wt'wvﬂuuu..lG G)l""l wl.»mga‘m-u./bdr
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G = {§, 71 it (E} of evdir 20 and normal % G =46, TF; for {5} chur G,

Y rF3 amd Y =3, G, leatmcael‘c:dw of eedes . o Ank (£},
He "“‘d-"“"”f‘“"“ f-—-)} mdiced ‘37 b’\ﬁ‘b&JV&l@— Hewece T* G{I},a..)

G/(g} ‘o MV o+ order 4, Sk U a»d'o»mrluw t— f”z. Lcuut
be  whiced o G, 14.32 Sows b & has an Abelin o “‘l’f"’“f H o
»‘ui:.x 2 \4.2. H""CG (k” . 1&@ H '-uw" Ll. (VCL:C. and So G VY %tg,.;&z"\#'

/‘ (D) Tooven, -3dp Lk G be o froup of order 2 , A>3, Then lke
follooig condibione are cpivalent.

W 16:6" =4 |

@) G i o class n—i.

@) G u one of b groups O, Py, Q.

P'”}- ) = @) o cz:.d'. Foe o %Llf«(l.bmem'lt YRS
G/G" munt bolf be eyelic | by 910y wd (80 . [ Tho sheuld hase
beon male explecd m §G (A) Soeshoe]. Hewce 1G:6[2 4. Bt |6:6>y
iplie G G =1 , 50 Mk He class f G wmdd be less ban nes.

() = Gy . 137, 20 and 143 (i), O and Q we fe omly nom-Abelian
frowps of oodar 8. Hgon Lk Z <G, |2]=2,2<C . Suck o sbproup
2 exioh by NI 520), and by adiction we bay asiume Kat G/Z
hio @ gelic Sbpeup H/Z of Wl 2. Lt Z=A{3] aud H={}, 7}

If H=AFY, He reoudk follown fom /%3 (7) aud ). If H w not
oyelie , W ie Alelian of {«',,«, (n-2,1) owd Y 4= g“w; len Y=0p}

i a chaacbiobl ""‘J’tf‘"‘r G H. S V<G. Abe Y<G’ "‘;f" G/G’ .
wa,, By inductn, 6/Y albo hen a el .17,,.‘,.”..

Rt H/Y & A*l»ela.,o}'%,e (»-3,1)

Hal =36 i of wdex . HNece G io 4 clase2 and 6/= { =, 5}
whve G =(«,p} . #ac,y—[d/s)ma;}—mlwz Srace A* € 36, Thn

G =2, vatr-}fc»b—’, n> 3.

) = @) to comdamed @« 143 (W), @) .

Newee H+ L and G = HL ..J
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LE') We comoider new [Ho no,\—A’LcLi.vW of oveer [os.
If p=2, fen M-21 ad 143G) Show Mok HRe oche and gualinsn
&ﬂMfu are [he OJJ /WJ& 61% For o:l&f [tere ave dLo-Cxa.(ﬂg
faro Aotiiet  Gppes i frowp -

Foc (.éls-[ f,@’:{:i,,aii. /fGLuAn-elzuu.J:}'ﬂf
om&rf.z, Ken G = (¥} wilk yb=1, gy =" by 13 ).
On Ko olbr Aand uwa#—cx}m..b/, fw G ={§,7] —#
b 71’..3/’,/ MJ_ T=L§17]. Heae{f=36 =6, ad ¢ o e splk
xlomein o Mo elmetneg prop {E, 4T by (1) L b Ey=ET e
o} eowne T'Yn=Y. U:IMMMIWMLJ

P; omd L3
m,b-n.d'ur.el?. We sbk

Lomma 14235 for J»mlb foe awe ¢xa.',f£jl&~°emm@=a=uer£=2
froprjof oder )50 Bigage For bett of Mom, G'=36 i g eder p
%JG—/G’-BMaA:’ Ulew p=2, m‘am/ll,WtoMJMW
Frowps . &’fu;[»ur” /tagoe/thP’f‘/’MPrsf Fée P,
P+ Subgpoups u&x}mwwngﬁmP*Muw
Wt‘,c{u...lz., Sukproup W E of order pr ond Be remasniig p sligrops
of whix powe ol egelic . .

It & mjﬁ' Sea. IGE |
[Ak Pl= L p)pp) aad [Ak P = pGpipyy .

LF) o fom a wu,,wwo;mwfnuk we Kave &
esladlisd  an com\w*/,lww u.{v-.ia..f% G < o Ke cedie oy H
will o Subgewp of He codie ¢ K. G=HK & Mo codicl product
dabinild i He wmy, fem [6]= [H)- KT f(Z] . The o Z=1 .
Mfmd&adh@u&u.fg/hclmct,n&cb-},HuK.
Howserer m&rdu%?@“«tmlﬁﬂ&«&nbwﬂ%éc&d{yw
flal iy An-ljmalu.fulrs-oufz o + 1. If }/'/ M}K ase 0]»0“114"
/-’ -L/armu, /tultmcys.ldm sssble chmiee Z= }Hﬁ-}K 8.t
Ak Z[ = p-t so Hak fhase are ,6-' possble C‘Otw{of&prllwb/yu.a_

e
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émﬁnm‘rL-.) N«—ou—a}_&u %Wﬂba‘d’mrofz 3H & Ak H
6 e fll growp Ak Z , M B cndidd product G = Ao e L
 wlln isomorphiom.  Foe by depiikiin 6 = G/Zy, hue G=HXxK &
e Gdacan pwduck and Zg comoihi of ok pais (1,Y%) i FeZ, and
whoe 8 o an "M‘”f’l“ of Z=3H onls 3K . Under 1o ‘m—rl‘ww
mendioned |, lhe p—1 JW 2y o G are ell ijujaﬁ. undir Ak G .

%meq}/&um-—/"‘duw g}-ﬂ'll-rf,#u/tu
Muhfl:os\.uw]Q.cb W‘)u_&m:, & e, Moncs.: e b wi
ediguily o Hhe Afé«vl:o-w of Mo erdial produck of  any number of Suck
[—mv\f.r.

Tevron. t1e180) Lt G be a p-rovp Snck Mok G'=36 & o
ovder f Then |G| = f2f+, fw fors T=10,2, -~ ", G‘/G’ ue.lu-.c-f-uv,
amd & i expresdl (m many e ¢~r>l) as e cenfind preduct
GG'~-—G~ c’,rm-ﬂ"dm.pvur o}_ard-.r

@) Hhen / =2, we Aawe [l canfiml ,M wmcrlu-—-
]" % 06" % O*Q"™* & -.-
and oOR™ = o’ = ---
bt & and OR"' ase net wmﬂr[n.c
(@) U‘c«f&o&l,m‘m&ﬁmﬁpwéwl&w
PPl (PPPPTE N P
| bt PP ad s P i i”"""f’l“ Nere P= fa aw /’*af,
Prop o Fom ¥.1 (), ad G'=36 .4.0.@7, .tﬁw‘.,/ug/c;'-
< avy viz. f’e}& -ﬁrallfeG— )C.d‘ua.mq-d‘uz
Itt.luu»r}m:ff% LE,«] WLG ﬁ/uvaxdol.

Bide G b b A—hl“.. we cam chovie ¥, ., 4o Hak [§,,7]1+1.

CTen Gy= 3, 0) G men- Abehin of ecdie p7. Leb Gy =Co (). Them

G, =X, nY, whoe X,=C () ad },= GOy But & and g, heve <ad

xacly pcojugabs i 6. Memce [G:X)=]G: Y= p. ek, and 4,

do nol Gmmuk , X, Y, ad 5o [6: G| =pt. Abe 6,n6=36,=¢
ond S0 e domirng troap G/G7 G Me diseck prduck ¢ 6,/6 0 T /6
Ce MNonce G::G,E; v &ij'anan, G, AJE:, gvﬁa_}.G’—:Gl,m




l2p

e 3T =6 o New 3T =Gl f ondec p and O folons by Rk
on [G]. . 4
_ ) I M e Saffcial & preve Q20> Lt ¢=8% Tlen
G= (5.0 5. nY ad ¢/ ={(S}, doe =1 ond gi=92=1I5,7]=7
(=1,2) , vl [3g,%7=1IF,%.] <08, 00=-02.0]= lm,f;k;c- =G,G,
where G, = {f',,’],} and G, = '(f',,,,_} ax. Tare Mnm &rﬂ-«'f,’.t‘k
G/ =tfs amt o &= {Eh, Y R 6=67G" o) [65 671
and  Lore G;*,G-z_¥ e M(chronr.r

@ T frogp QO codina b egelic subpowps o order 4, lhree = G,
and firce m Ga, Al O confasin 10. Moe jemendly , Q" codarns
3ra B(5)+ 3(F) + - = £1W3)= U-3"F = 27 (2= e} eyelic subproup
o order it 5 Al OQT nduia TR TN (V=27 e
c7d,:<. :w 7 ocder 4. 1 Qr and OQ™' Cannot be uwwqr(‘c._

@) lek p be o3, If G & of expement p, Kan ol lhe cantal
fackms Gg muol be of pe Pr—]‘},s and 4o G =P, Jt lo Sufiveink
b prove (P*)*x PFP . Loe G = 6,6, whoe G- ={§:.9% and [6,,6]=1
ad  § = [§:,0] gewabia 6 |, bide 9E=1, i=t,2. $o G & o G
g wgh.d aseiuns ot Ef = ©F, 5 Mat EE, o o ocdee p
Than G = (EE , T} i of Gre T and ¢ G* & b codralioer,

G d Ui cntinl produck G GF . Hoe 6 i necunaidy 4 bpe P7 for
olnune G wmll de of thpaenk p | :4} 140 24

I G=66, -6 & o G PP itk G, G % bGpa P o
G, ={&,4} 4 e;p P¥, whoe nf=1, lew NG =A1,,6,,,6F = #
whs b, Mo e dueck prodict o (4} MﬂLé;"f.c B

SIS

Lermma 1441 /[— e o & p-§rowp Juch fat G’:;G o oof a-rJu-/:)
Han ey audomosplion o G which Trmmsforns G/6 chinbienlly i an
% tnndl aufo\»m-r‘un\,
Poop + Lk [G:G/| = p*7. Siea [(/[=p, e nuader of cudomoplins
F & Trawfrrmiy 6/6G" debically v ok mort p7. Thio in ahos eppal
& IG:}G—I ,hchuwlcrlj«“\wdmtrluw?g wmd M lallic L
frasform. /G :dul\'aﬁ‘., . Mence fe reantf.
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If C=H, it is an easy consequence of Theorem 14.3 that p =2 . Then
Theorem 14.3 implies that G is one of O2n " Pzn P Qén ;

Suppose C D H and p is odd . Since G/C is cyclic, Theorem 14.3 implies
that C=G . Let G, = Q1(G).H . By Lemma 14.41, G‘=G1C(G1) and so G =G, .
By Lemma 14.4, we have G = PTH , and we are done.

Finally, suppose C 2H and p=2 . If IHi = 2 , the Zmxm theorem follows
fram Theorem 14.1, so suppose |(H]| > 2 . Since 4 C' is of order 2 , it follows that
_{21(0) = Oz QZ'ZV where Z, = -QZ(H) . Thus, C 4is the central product of
OZ Q;|. and H . If C=G , the proof is complete. Otherwise, we get

G = ,(21 (C).C(Q1(C)) by Lemma 14.41. Furtjermore, H is a maximal mormal abelian

subgroup of C({2,(C)) . It follows that c(_Q1(c)) is one of P, ,Q, ,0, .
2 2 2

The various iis:rnorphisms follow easily from Theorem 14.4.
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LG') deb Hile % ,b~gvvuf wilk }HOJ/ cnlzr/: ad b Z be c:,dizof.
order p™ Z =1}, Then Ko codul product HZ i defuied & o
iomorphion , becomae Mo idekifed Subgrrip com oudy be Z,=F3H it
Z, =¥} ad Be adouisr o Z, i AkZ o ALZ,.
| Reovem 45 . lek G be a non-Abolian p-froup Suck frak
2vens haracdirealic Meli. .r-.lvf.—u.f o G i cgo‘v.g and bt Z= {T}=3G— be
of order PN Then
O for 0Wp, G i e cetral poduckt ZPT for sy r=liz,---
Aoe P= 7}3 and Mo fador Z may de Suppressed Y m=1. |G|=pmET
W) It p=2 and m=il, G U a cdral prodact of ome F He forma
&, 08" (+>0) o Ou Q" Pu 8", Qu&" (A>3, r30)
ad no Two of Huwe are bowmosphic . chlﬁauj‘mt/:wr’ud‘z}:w&w
Op Q % @0/ x GEFEEEN Ou 0> x Q, 0°Q™
Fx & % BuoQ™" X PO x -
Qu& = 0, 08™ x §,\0*Q"* o&""
@) i p=2 owd mxi, G i H.c-c“.i;...l,fwzkct ZQ" f'vr.l‘mf?()
ad we fave Hr central produck iomorplims ZQT®Z0Q™ ¥ 20°R -
We need At
/ Lemma [ b5 let & L & ,—J’rpnr Suwel, Mok 3G e cucla.c.
Than G & eyelic .
Proog + Lt Z= 36" Siww Z<a 6, Z=<G', we can chesse
a nowmal eyclic Subgroup H of G which o maxuwead Sudjed &
ZsHs6'. I} 6" b aet gelic, llan H< 6 ad by s20),
e & o nermal Julvsrouf K t G sudd Babt H< K< G’ and
IK:Hl=p. Than K o nelt ogelic . I} K o Abeban , it i of Gpe
(m, 1) w‘u.n./Hl'--/: , and Jlnkﬁo}vwdu-/b /fK o nol
Mo , R,K i s(:u-; wder pt fodd p, 14:3 (F); amd abo’
for p=2  pided K\uofcl-u?- by 19—3Uv) Te ondy dbimatse
o foo K & b o op He provps Opmes s Bomar ) B ymer by 1423 @) adv), |
Bt K %fw&waL?w&rlpu)me Newce
L<3."Ga-J:oLLG~J~1 ‘J— T-86). Memee L=< 3K, Bubt M

~
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Wq—w—:,-—- Ln.vt ced'-c vf—chL(Z, so K and“e.m"fﬂua.. e
covelilde Tk K . lat o chamelints J«-‘a—rvuf M=n,K Oj.rn(u-lb". Then M 6

and So , & we ‘N'CJ;V’[' feen | ):M,G',]“—"-i, K C«j’mg’ﬁt He Wa-?{'w-u
IM }G'I(o Cy(,‘c'c_.

Poop o 1.5, Siace 367 b « damdinli Melim sbgrowp of G-,

£ o gelic, by Lpothias. Nece 67 & ockic by w51, and 26" i a

M%@%%w*(} J‘.ZG"r,J.zl;o,ld'cha.
ansl ‘fC—C(H) )22-\ acu&&mmth’anJ%w?G
Cnfmu.? H - Kemce }C [ qclir., and 5 }CzH. Al ¢’ < G’< H=3C,
f C>H, fn C o o class 2 ad [§79°)= [£.9]7 focall £,y &C,
by F1(),G). et Mo Adeliim provp C/H be of bpe (55, 72,-~ ) , S
r,>rz-~-,u U’HL,H};,--—&_a basic of C/H. Then we have
PELS B w [E R T a4 fon tan 3, n il s rf"em,;c
Mo 5=ty M fim 1, we e 02, 0" 1< 177802 for
L, If L/H = U, (C/H), ‘tqw.'i,“”m L:.(.r@ ey , L>H,
AM i ‘7¢Lc. 3 Cw\truv &' e (bla.o}l'/,' Neace r,-.[ and C/Hu
du.....!i‘\a,, and So b of ovdec p.
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