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‘C.g, K Mffi& IY( Mfadfowo} —H—

nadiod  denkfication ((%59),9) = (2, (3, 9))
Frowps L EHAUKILL  and HL(KLL)
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(8] i2, wriadl v
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(A) Lt H

A

aad "\ s‘he wa:,,r&-uvf{ :»é 2{}() and E(_\/) F&fca{%,ant) Lt

Z= Xx¥ b He b o ol ordered pais (1,9 M xe X, geY.
For [eH, yeV ad g ek defie Mo pemiditisnn &, ) § g Z by

(¥4

CLYF = WF. 9 5 Ll =uy) ¥ Y +2s

Y= B 97) | L
1K J«'«m&é LJ all fleoe WJW G ealled o voreall produ
ﬁ_ﬁw‘fsf’\ J& wmuai&'glawllly—'@d-?})Jo/MKétw&
Smw,mi& ?’. W= ALK . For ]Q?“) y&y /iz. Mﬂou?,f—a}' ?GH) o
an Wfi&om 9(,} H only a ka—gr&ui. Hj "j W and /tn./ncéu(ff

77” |
‘%iaiaé.i'liowdf& m»}w K”MM"*}’M‘&‘
g&{.’ “\ M&zoar?ﬁww % ao.p%wj &‘ fe L\u
N §57 - ?37 U]e/(,j;e Y, §eH), .

(a,y

|

PN am‘.']a

G .,
HUK =<K, H 3 £>
& Mo oweapoairis  spht <xbnain . W=HK, AFak=1 ; A< K,
o X =4, [Yli=m | lRn W & a permadibin group of degrec dm aad
oveler fﬁih?“(f . o _ ' | .
fLoa a sbgmp o Z(V), vhoe [V[=n  ad ¢ we meke ll

= (5, y,v) , &&g&m
ericede . Tha i He assoccatore law

:ﬁ« wreadl ool

, @ad /a-o-»wé w & Mv(«' [na.oﬁ'(x’; B Nfea.&) wia Lf

p o { . ' P | 2
i 4 ee K o bof} ape not Fwon  ex fk@&% o /&c?-rm/t&é&,w Frowps,
ABEL VIR - Y A £J

2.l ..Wi’?‘ ALY Ly &«‘?,m )f_' f%m,_j f‘o’%\. (/ At q-ls b ma&

N futo e o | e cli fnw fff{,q, Méw&:‘% mmfaew 5 Fﬂ"’ &m-..f(l
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b dovnca 12-1 /f* C & a cjcéicgfw of wo{u/a , (Ken f&,m

‘ e =cret..1c
) &éu%iismwcg.i(i.“) !

Foc [CTl = p", C7 Loy Mo st * Ml ovdesed niafu; ?;elwe,..iza;
femee JE(€M)], = (1), = ol ad Ao ST L1y J BV P B2 05 on .
WM r«:;uy;”:. o e ?5’&' k«-@o\énw . |
Neb Mot ALK G dlimined & bl womorphion by He group H

maf&wafw%m/( anbagaux«éﬁefe..‘)umm on fhe
F&WLM mfaw&tﬁm Assen foc H .

B) T H and K are gubom prowps and W= HLK  (wit Ko repudasidy
Q’W‘Jo’*&j&é;v) , Fan eveny subprowp K o W whicd & Travevesad & o boce

grovp H ia W & cojugale & K i W.

ook« Hue we may cdekly § cH b §eH,, 50 ek H=H,
and Hdzﬁ"‘, g@(-_o[’g'd-af*_)&r xe K . H——élin.ia&otfm}u
e Hoz) ae K . Ev»u:! dewedk we H & WM exprodidle  aa
;,W& 77 4%, ke fackrs ag € H=H) . Sie K, i dessvees
& H VJ f/fa. to—wé X H.  coduia Qxaoﬂy s elugut xa(xy of K
Gnd Swice i‘(, o a sw&,rau;a o W , we have wu(x) u(IB) = w(p) for
al %, e K. F«dw».g,, Has guves
alafy = «lyp u(p) , 1)

for M w,8.9 K. Le& ve H fae f»d‘m /3_44(,3')1
. S0 Iat f—.[ﬁ(u{i-’i) e f3- fackor of +v* & t&;«fw o™
(ﬁ‘{')i . Bt !!:»/9 factor 3 wlyv o u(oc)@ u{,p)i..u.(«/})i
g,(_), owmd K o precinely  fle - faa‘w ag.v'g. Momee = w(o) v
for Lowe K, ed 5 i Lula) = v T K=K o cojupe
6 K, o W. a sfabd .
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<) Lewme 223 et H be o shgroup o7 G ad LE S be ang
Mmmm@aw = H w G wilh eleients Oj,q_,.-.,a;b_v/iucm—:.[(r’—il'”
Fr $ €6 ad Leizm, e if by M codibim GEGY €H, an
[ X be Mo b whose eloenki ave fo m cosch of H e, 5 Rk
| () 6 Mo pemhdin Hop > Haep§ = Hog (=t,mam) o X.
| Depre my (§) & be Mo permudation
(> HE) - (998 , Hayg) (e, 1=ism)
| & HxX. Then my i can wwA@W mappiin & il HU7,(6).
Newe H  wm ib Wﬁ?mﬁfwﬂ P IizregM mvc»}m
opereda for H. Swee (EIF = Q) for 5.5 €6, we have
my (850 = my(®) =y (&) . my () o K chekly o HXX ody 4
(§=0¢ for L ( and 4 alNben o¥oi’ = 1, Ak dplio =1
Hence my  ia an ieomesphic mapping o G sk Z(HxX) W=H1 5 (
cotams e I&&Mﬁ?fﬁ&v (9, HZ) = (g, Hoge)  which  we ekl
w0, amd g (D) Y e (9, H) ads (ke Her)
Rio Shows feak my, (§) % m" lelonge & He bare group H o W axd
So my§) € W=Hel6). hi proves 2:3.
I o clear Hak f&rejxw‘xﬁwm My aer— }ef.cn.b ncyf«mf‘,’m
fla ‘(p’%‘;& H Z’gb dro on I cheice o+ He franewersal S . ‘Howewer,

procervig Bo ndidione of 2.3, we hase |
| i&w 12. 5 Lok f be & kMWf/pﬁW»v Q& Mo Sw(}m—uj,ﬁéj.
\6 b an Abbin prong A, bk o wile o aWlihie nofabia |
Fen fb,w),' Jc*%G»\b'A defned by

£ = Z £ § oy
o abo W%c and i »‘M aj—fh,cé&mg,fhfmmwnds

i an
| Vievegees

ey © . }
- r 0(.— R "»P-
FE f{g—' &
: ey :
Lo e £ g g / )
wie, AL Cadedl ?ff,- ore g.fm one Trowm eCach cycle of 2'?:](_,,) =
e J v 4] i

&

~ . H.  oeds : J v g . PESCE e
T b fle ovder o Fe o:jcéiy 5 whicd i{‘i@;’_ &dmé,d , Jo [k
'Z'f"‘-‘-fé‘r:ﬁ‘qgg-xm._m
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im*ﬂm'f; s gv%m. f f/:) /é.g»w,w;, fi c > wl Lm fW 4&% b and “éé f 7 € G
Flootn oy = FIES%) + £ )95y ) - Henan Flep f@+ 7\
-‘x- fo koo weff&:. , /} T At sthor Toammversal . & H o A

/] )
. Gmd T

wilk elomeks T =0z L n, €M, fea T'ET:g:?C(OZ}'OZEI)Z;I’
and fTITE f(‘ﬂj"‘f(”?‘g:)-f Fo¥o) e Jummiss for o=,
we odfamm 23'("’;5‘%’) = f(°"5" 'Y s Zf('IJ —Ef(‘ZQ
Thao f% W ot 1‘.«’3, ho<ca agr'/'rnmvm.zﬁ

7? codwduntion & F (3 o le cpele o (¥ which cmf'aéwl‘lo;
o B FG ) = fg ) s p1F=g e fi
&Ww/xﬁo. T 1205 io proved

ls cu’tf"' He mw}&»,.r %1,;{ &5 G, ﬂa&:ﬂéh@oa%
Sujgmﬁi g\‘y Ce‘éeowﬂwg/j fzwe:'] . Hv\»ww, 71 f o fe aalisal
&mwﬂ&;g g Hy (geH) o H ol A=H/H', fa % i
| %mM%ar¢;; G Wb H. kb w @ howsuplion ¢ & b5 H/H'
amd , for $e G| we hove w fi crce

f )= .H".D'@:i ) = H 77(«-&’*«-“’) . @)

Nt Bk @ §% a2 o Mo fusk posibie pover 4 Gt Jlik bie ik

D) Teoron t2:5. Lt b prowp 6 Awe sn Abolan Gl posilprunp |
Lkt N=MN_(H), C=3NAH ,D=[HN]. (& ¢ bo b cdelily
mappig o A, &8l famsfer o & 6 G and K e kemel ¢ &F

Tan H o la dikck produck of € and D . Aho C= 5(6) =)

awd D=GnH =KnAnH. 6 & &Sfﬁt&x@@?_ K b C

| ad 67K 2C o fa maxual po bl frows of 6.

;:’5?;;::-3 E Suce H'=1 |, we ke ¥@) = 77- 9 §f e A (1)
L/ e .y J\_ Cw-.'l, y & C:' 35" 13 (S JL! !ut”.-\ -,..__, Q&m&a‘& C’* C!Ag
.-'”: ;'- “":: ,;.—‘ . ko""a;'"\i:. w:; l's:.c -‘”.’a‘? M G t{‘u uj”g;M__ ‘,g\ 6- By_,ﬂ _; . {,j— i’ov&gw’_‘
O X Iy G: H) o § PR At
c.d%j_ =i = [ H) , we  nay &-e{mo«w!s_ 4.§ TJ—”"
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wll T J;(-N and fo o R @
=% 77 [t%, ,J A -
fdeteH M#MT :aed g n Joneral depend om§ . I} §eC,
o ¥ tomuites vw\& o and Ja‘L(k') 2 Byt C e af—wvad
m,p) =1. HNee i"(C)=C. :

W} neN ad FeG, I 7(!25(»;1;;)"5/-1 Foad oy Y ofa e H.
/‘/eua_75 A n\”o’fmumul, & H m G, and '?La:ud, 5 5&7.9 dees not
afect (*@E) by 12k, Hewea § = @) for M $e G, qeH . It
follews Bk (B = (W) = M) =C . Mewee KC =6, KAC =1 au
G o a Pk exlimeun f Kby &, Sice m o prie & ], <vey ol
o H haso lhe form F7 B FeH and (2) new shows ot H=CD. But
D=TH N < €6/ K sica 6/K RC & Aldian . Sie KnC =1 Hi
show Kk lhe prodwct H=CD i diect , ad Bk G'nH =KnH =D.

Ry, b K, 9 G ad Lt G/K, be o p-freup- Then KH=G b
5:F  omd S0 _GC/K) % H/K nH 5o Mebisu . Hewea K, .codiion 6 _and
G K] < IH.&nHl =ICl =16:K]. S$iaw G/KnK, o abo a p-grop,
& follrwro Hak 'Ky 2 K aad S0 G/K 6 fe Mx»{..-l,f—uwt&;t grovp o G-
Wu-s: M He goup G hao a Sylews posdgroup H ik i
Coxz"a.-;d‘;‘ Mn?iknwiwée,mn@l”«&w.m«ﬁ

o ST

F,.-...a.,mc Bl & i B Bl el g K bl

Hoce K s a %?G- |
(E) LA :«uaw,,, urlm Glos subgroups are ol Abelin o called an
A-group . Re fllrwig roulk i due & DR.Taunk

MII-L LA‘:G “'““‘A-M' 710‘.
(). 36n6l=d Li:)‘:,ts o amy Syolemizer - G, fan G &
Split exlonaon o 67 by S 5 G o peneally | i KT o o relutive
S‘arotmur'(j—KkG J«.K«G— M RT 46 ad Tk =i

) Mo longlt of He Jesved terica o G w..,é«qa ba namber o dihi
fw«./LJ Kinde J6].
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: Pro-aj ; ) S«rfm i 'm:frﬂ. Kat }Gn G _codivie. .an cln.-.u.l:}' '7«
proae edec p o, bt H be o Jylornos p-subgroup of G confasiing §. Sien
H o Melan wt can we Mo nobafin. o 125, Theo Fe3zNnH=C
awd Fe GCAH=D. Bl CnD=ndid so fud, a contudichiin . Hoe
36n6G =1.

) Lt K/L be a chiffackr o 6 ilh K< 6. Then G/L ix
A-prowp by b Nls darved growp io G/L . [b fllown from (1) Eat
K/L @ net o codial faddse of G. HNemee SAK=<L by g5 104,
S i i Ta foo M suek KJL |, we have SA6'=1. Bytowa, S¢
and M preves (i) .

@) Hee K & an A-proup by b and So Thk'=1 b @); ik
by 10-8 i) amd (v) , Tk =6 . Sidee K=<TK' by to-42, we Aave TK'=
and (ki proves (@) .

@) Suppese Hat 1G] Rau jiust n differenkt prome factors . [} n=1,
G o Mdin ad G'=1t by leprlion. Leb n>i ad b M be
a miwial rormal Shgrows o 6. M IM]=p", Hon evey Kl p-sd,
H twodavis M. i H o Mdan , H=< CMY ad hene Ie
aunfomizer ‘G/Ce (M) & a plofrovpe.  More femvally , 'Y K/L i amy
chif facdor f G ad Y IK:LI=pt, C=G(K/LY @ o idy prie
bp wm G MNoce [6/C] Ran ab most n—i Kfferent prome factses. By
i cftin o M,  we may assame b [he n-1-st denvel Froup o GfC
o e wil I““T""“f” Snea (G n CG-"‘""/C , Mo meams Hat
GV e Thue GO o falny Covoni chii fidieop G o Hons
G cedul Senes  and S0 i ult,.lz.l: i Bl ) o e i
A-W ond S0 f & IRMMJ.‘ 0} M&u&aﬁuf: via, s
Gylow sbproups. Hew GO & belh Abelian and 6™=1, w
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(F)  Neb & passig fo follownig (forpotfin)
Lemme 127 () In any powp G, lhe Filliy sulgroup o e
indersecdion o Fe codimbiivrs o e dhif factiee 4 G
W A any J‘M&vvuf& He l‘c”..,,m-du. ol cbredion of fra
Srtiwcu.fd of«@ |
Roog - ) Let F--at&, ad LE Cm n Co(H/KY  over oMl chisf
f;d.m H/K o4 G. By §3¢), we have F < NG msd K) < C. (H/K)
ad S0 F=<C. O He othr kaad, C hae a ceatnd serica viz . dhg
pavt o any chie) sevien o G frm 1 b C . Hece C i nilpolint ;an)
o C=F by 7.6/, #ier CG. Mo C=F.
@) Lt H=13"G o2 bt K Le Mo Lliwediin of Ho Sylinizers o4 G-
I L/M & angy chif fador of & wlf L <K, Hea E LLMS for amy
Sybinirec S axd So, by tok, L/M o w cential fuackor of G . Houes
[L,6J<=M ai S0 K=H. GCoverely, ' L/M (i awy chief factor 4
e bl B L He B LM s eenal faddee o Gl e
by 104 agaim L= MS. Thi is fae for el Suck L/M and 5o HSS.
Ko o Thei fw all ‘1‘0&0-444!4 37 G aud S0 H=K, Heww H=K .
(G) L C. Mucye&cwofonﬁrn MA(d‘:éﬂ=Aul‘C”.
Il Co={F} ad e D, ,lon C={(FF ad o = % doe
@0 =1,4 25. Goenely, 4 @n)=1, Han §— F%
(8= 0,1, ccant) G an ddrmorplins of G, [ Ped, ad
3 T R SV Gt ] L AV PR Yy AR
au&bwl‘ylb—ui’mmrﬁu»c(ulyno&bn Thar @, i
moop& it Mo M.Lbfdwm 0;1":';:1"‘_ lggy moén (.=,
of ol Koo roidue classen () mod n for hidh (a,n) =1,
Na numhee @0 =[D,] & calld Eulecls funclion . [f (m,d=L,
Ken &, o (e dideck prodeck o JJ,M,, aomorphae whl D, asd
2, "”I“M by 82, Thaa,if (v =
,. v SN Plx ol ?(.mn) ?("\)?b\) PSR
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Here wc—u.ol:, reed & reanL : : :
Lewmua 128 ) The §rep of a..fuu-r‘um of o Cacld-c&rvuf. 4
ocder é&anwwmﬂf‘n&r 1’(_)\')
@ K op e apree, PE) =P
() Lt H be < sylbu)f—_(wlqrvuf, o+ G',w’u.w_f G ﬂ.,.rmdlcot/m;«.
lel. I H & ejelic, lte 6 Kua.uumlss;.-u.l.vwf.
Roop 1) ks already been Showm axd i) & clar sice Cata. ol
one. maxunal SJv-‘couf vz. {}f7 ¢ ordes p™
) Sice H 6 Melian, we have H < C.(H) < No(H)=Namd 50 fte
adimizer Ag(H) = Ng (H)/C_(H)  Kao order praa 6’,. A‘d proe § whid
Yrdea [Aq(H) o luefme jrelic Ham p | by defiibsn ¢ p. But g <
5} @), S, M&eruuk /-’uco.,H<}N a...)lhmqﬂ:f:(laun
f,.,. I12-51.

H) A froup G oo calld a Z-group 4 all s $yloo slogroups are cpelec
. AMG- &WMV&%&Q{-,&J‘M&&%Q,

/ g | PRy lz-? . () Z—?rvufu are Juf.cuc(ml&,.

W) I G o supersolidle , Han G i nilpdesk ; every maxoml slgroup

G Kao wdex a prie ;5 and ga-wab.;aa,bw.?/a,hc
kao & normal S ~«Jf-ouf Neew p o any prce .
(@) I GumZ-g«er ’tu\wa»?eln.e_ m«)lomelio&r@uun
’S oJ,G— movessas lG’Ia.J[Slmbrw %JG-'fb.,l},lJ_u&'um
o G by S. Fethe, for eadh Krsor d o /6], G comtasra ome and
On-l’ class #’W“:""‘b‘ Jw'-r-vuf.r OJ.wa[w d.
" qu/ ) Lt G b a Z-grovp. 83' 12:8 . G hus a notmal

sy G Ave poi Mo smllit prie dividig |G

Whichon on [G] , e may asune G, Sobudl . G/6, G a pogerep and
Hoefoe  Sobudls . Hower G i sobdl. By $:6 ol Sedin 4 Z- growps
mz-m,c. /u "*W@LMM“"G mw:l‘ ‘& C#éll:c.v
of - proes_erdie , dien ik o an Rhellan proe-posce prap by He sl
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J 5. ‘

(#) Lt G be J‘ufmol.J&., 83 1230y, F=06 = NG H/KY oxr
oll chiof facdows H/K of G- B‘., defritisn , eack H/K & cyelic and 5o, b
2* & (), G‘/C(,;(H/K\ o Abedon . Al fese eontialisers contas. 67 ‘y_?
2y Bl Foasy st uwlfo'(iwb

3372 ¢{-Mua~3w»wl %:}xﬂ%m&-m

[6:M] = [H:K] for éme chif facker H/K of G. If G i dupersolull,

[H:K] i a prie axd so every maxiel Sbgoup o & 6 of adix a prie
Lt 6-6,>6,> -~ > G =4 ke a chiaf senea ¢ 6. Sice G &
Supersolidla , eack [6o ,: G f<p: i a prie. Clovee o duf series fo

witel bes =5 i a maxumim and Suppose f ,’m\M, ek p. > p.,.
fw Some L. A Syleo p-Sibpreup GI/G:,, 4 G )6, v meemal &

Gy [Geyy by SHW). GG, i Bleejne charnsbrids s/ Gopr s ha

GG and we may otfan. Auwc‘itffuiu wndk lnu;p.r S'ljrefln.a;

G by G, i codradich our clovee o chief Seriea . Homen p.<p.,,
Cfor all (=10,2, >, Al and e of Me bmo G uatea..s;,.r.‘t@

4 G W& Ko poen seb of prie T

@) Leb G be a Z-goup. By () and (G), € i nilpolink. G/ i ol

o Z-fproup , hemce 6" io cpelic by 82 () and @), Sk G i an A

we kave G =C'S, 6'nS =1,y 124 (@) ; ad S0 $ 2 G/ o Akl

Siee S L abo « Z-group , § & cpelic by 22 afain .

Lt g be Ko prealisl proe dividiiy [Gl. By () and G) He

JE,(o\J z'-J«L‘fm.f oj—G— s normel w G, /f'n'aa[ooc:,ckc. Hewer G Aa

me. awd o-l;,msulr‘fmafs& of odec g . Jog Ainide d, ewery sidpon

H of 6 o ordac d sual contuin ® /33 &&Jdvm‘/@/;“""“y

assune Kot fe Z-prowp G/Q  hes au_adn@,mclau of Coupqale

Subgroups of ordur dfg . Te resull for G now follouss.

i g doeonot didde d, Q}HLWJW,?,G-%MJ—.L
lew @ nH=1 ad QH/® {o‘a.Jqupu, i eder d op G/R , axd so

‘ H. & ,,An,.m_}yz.I_:Jw}lx,c-p-.fi..,‘%_v_QH_i,Tm, By muw»,we. sy asbume #&t
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BNWgos G/Q hea a sigle closs of conjugels subgroups K/ o ordir d 4.
Ba. 9°5 , each sucdk K Kao g'&uislc.cluuo}cﬂ]uja&.lw H ad.wlu-ol
and K=HQ. HNeace i Ha cane abo He)rokill folloss for G

Thin complelin He proep o 12:9.  Fedaps we should add

Lemma 12.91 Lt A be a maxinal noomal Abelian sabgroup of le
;‘WO&J&W&. Tea A = CL(A).

Poog 1 Lt C=GCA). Hlew A io Abddinn | we have A=C. FraA=é
we Kave C<9G. HNewece g A<C, Ituci'og,a‘.d_ff.ct" B/A of G Juck
fatk B<C. Sice G & supersoldle , B/A o oyclic of order o prime.
Sice B < C(A), we have A< 3B, ad 356 B/3B i eyelic. Homca
B = }5 o Aleolan ‘, ¥-2 (4i) , hfnyk&.Wu -’(A e
mta.kd"m:bmlidz A=

Nob Hat nirdﬁ-bW»mtume. MNewce 12-91 applio
heo G-J-a.f-rvuf,

Corellacy 12:92 Lk H be o Sylos p-sikproup o any proup G and bt

A be o manical wemall Melin Slgrop o H. Tl A o & Syloo
,:-Sw‘-gmuf ot C-':CG(A).

Froop « i A<aH, welawe H<N=N(A). H & flucfore o
Sylns psubgronp o N, Sice CaN, it folbws #ab HAC o o
Glos p-subgrowp 4 C by 56 Bk HnC=A byi2:91.
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