| Lemma §-2 let K de a Jnj'frvuf o{-G— Md&)-;s,H. lF H stm 6

’ft:,... H sba K . &.'..JM{., f«.ut/,m,d:u, abn and < in place of sh

maclmrcxaq,bf-rshjﬁvw‘éc‘cmmwsfah[t,
Sfrongec reonll :

P

{ lemma 63 U) Leb H slw K = G and lbt L e any J'uﬁ?rou?
4 G . TKen LAH sk LnoK. '

@) I} H sbn K awd Ksbw L | K Hsbn L.

@) Jp Ho= pHy  asd cach Hy stn G, ten Hsbn 6.

Pfovg-: () We may assume H=H,<9H < --- <9H_ =K, Ten
LAnH._, < LnH, ﬁp ead (=12, - T La,_ Sk Gad So LAH sbh LAK

@) & cleac. @ W o sfficiond & show Ikt Hsbn & ad Ksbn &
mezA Hn K skx 6,

"3{’%/\

B;;U), HrK sba HnG =H ad s R follocs

)
(B). Suppre hat T=(H,H’S o a p-grop , S e & od
NS GoNNENDNANINTR.  H pra 6. By 62, Hpo T. By
§2 @), H saT. Hece H<T by 640 so H=H sice
H prn T . | ~
Conversely , Lt H be a p-slgrowp o4 G. By sS4 G, H &
Condamed m  Sema J:,(ou: f—J%, S 2 G . \Yuf)’m Kol wno effer
cojugals of H m G & eonfared o S . let T=A{H, H'} , §ec 6.
By saiD, HsT =S, , oo T o a §loo psdprowp o T
ad S, 6 a $lw p-Sukproap of 6. Ao by 54 (G and (i), we
fave HY< T for soa 9 eT. Sice § md § are cofupmd x 6.
by 54 Gi), Rey codam HKe Jame wmoder of <oyupalin of H a6,
By Aypottesc , Hi namber o one. Heee H1< H ai H %
corijugele & HE & T, Sica § wme adibenry, H pm G-




o

Trewwon &4 ekt H be a posdgopor 6. Thea H prm G ¢ awd
b &'Jﬂ ‘f eacd S‘][ow /"-\'%f‘dfé' eodaiio -ﬂ-x«uﬂv mo{.ﬂ&, Cmvujuéa
o0 A & G.
Choowiy P b5 codain H , Mo Sihundion @ expremed by cogiy It
H o6 wedl) dose) &P wilt respedk 66 . R o Mo thiledt
EMA\J% ; bt here we shadl .to(«/,g Sayy A & I’MMM.G'.
| Corollaey 641 f H <P whoe Pi a §low p-subronp 4 6 oud |
b H p &, e Ng(Q) =< N (D for ey sbprps & sucd Rak H<Q<P
Corrllany 642 It H, and H, are promormal p-subgrovps o G
}wfw wn Mo Same Syl posubpronp P op G, Fan & HH, & promormed
~ G : for Some fe6 |
Nl Itk Hy ad Hy om rormal &P by bewr. Jp (1) <P)
Hon HESP wd so HE=H, (¢=1,2) 8ia He pom 6. S WHSonn,.
So HH, pm G.
K Afollonn boa Mot 'p ® & ang fosibproup 4G, Hue i
& wnigpely Mi: ol ,w%y.i‘/“*;;*ajﬁ‘é -y
b He o H, (ks ;I</<SQ me« Bak K o ok pronoral = 6.
By_ 641 | Hsfen”:zm o e proneomed subpnps o & codailad oo
« piron Glows posdprop T of G form o Wl O=ng (2) .
Bak o io net o sdilallice of [a blizie o M slgroupe g B &
Jewerl . Foc puen My H, W P, dltagh HH, eP b bya, &
ool H AH, doea net lelong ts P, & HAaH: ¢ worally Sualler
L HynH, axd even Swallr W [H K] . [For examb , 4G
I ot 3L fromp ch-=2, Ben P & an ooltd&rowp. 719.\:«‘41/.-«?;
qj—““‘{“"4‘ w G we alL/.vw, thoj./tgsuﬁpwr‘ojwa&rzk
s /,w. $o P conviob fere o P bedf, L e Ib.['iou.rw
# ode 4 &P |
 [Cotlay 843 K= G, M ang Hlow slponp f K L promomal L G-
Foe o Jylow /:-J%.T o} G dosie ks one Sj(d\é/:—.iuj“m«r
0:}/(, iz, Pn K .




J] Din

Those /)nmo-c-n.aja J‘«Lt(oufno}.@ MA\:&/KL}Q«»\_P,\K wi K< G
ﬁw&&MJM@dz o+ . Uldee P, @ o also a sllitic
of M e o U shgrowps f 2. For § K, «d K, mnm.ﬂ-;b",
So i Kin Ky ad Pn (K KD = Pa KN AEPH J Fartlac

P KK, = (P~ K)(PAK).

LC) Ne fw J’W 01, & Wj_can alro be harachinzed ‘J
feie reltesn, & Hoe Tmmibie pemuditiond represcttioin of G
Suppoc Mut G b repracnk) demmsihwely by pemadifiis o o seb
XK. Lt A de a sulgromp of G and Lt N=Ng (H). let YV ke
e seb of ol ye X Ak are wvarand wnder H. [ yeV ad el
we Kave yH:y wd So yIH=ny=yf ‘MﬂfGY-ﬂva
laver Y avariant = YN=V, |
[{,“ §J be Mo sELLer 'j«‘y w G /&yu}ith,k»e[Am
Jg)=Z fir Sme HeG G G permidi. X TransFively . Sice H=$,nS,,
we Lave H’Issy—.\?; M Hpm 6, & W ch‘,.,d(,b,b'ﬁ ...{H/ﬂ}
oo hince abo So i Sl HU S H for fone Te 88 pT e aid
y95=2. Thuo N pemmudia Y ‘/'mm‘l-..,,,{y whnasnr lememJ-'-G'.
vaovael’ Suppoze Rkl i any Traneihe l»e/-rwu)tfc&x o &, N
perades Tansdhsel, Mo Sqpdols Lft vmriant by H. Lot Ee & ad bt
T=YH, H¥}, Ten TH=T and THI=T or T¥H=TE . Homee,
te Tramathoe K/me.m‘w T o &, H lwe fael fe caet; Tacd JE
By lyfe”f&mu, = T§ ™y 741‘4’0—&7E'N Ren §9 €T and Trusfores
CHY wls HT=H . T w be ol §6. Hac Hpem 6
MMLW/:AM()/hﬁAélbufo} | _
Tesren 6L & leb H be o S'u“fm\? 7 G aad let N= ”G,(H)
Then () H pm G ° amd ol o, - eue:,?"mmxfm refmnﬁfwu-},&
g/\/}&ewkufmd'«&édlfﬂ,&wuy‘m,téﬁ ,
@) H abn G Y and only Y, i tviy Trawdiie meafdmaj_@
[ H laves ot moat ome of Mo tpodils ivarcank




To prove i), Gt H aba 6 ad bt G permie X frmnaitsicly . Ton by®)
TN pemides Trameibiiely Be sk Y o elenks o X ik are Ljt ivariak
Aj H . Bk H=N. MNence Y] <1

Canwva@ly, .{_ Y] s 1 fo" 2very Trameihee rv,m.d‘afwlv'f 6, Thew
Hipm 6 by U1 J} we Glo He reproekation ¢4 6 & L 1
1Yl = IN<H] by 53 ad so N=H o dorermal & 6. Ac.\qﬁdm G,

By -6, evory Tromeibire ry:rm«fafu» 4 G »QU“J‘L_.J?&' fr
Some Subgroup K og 6. I 3 . H laves Mo ersek KE w«nufcf
and ody Y H kP o (YI=0 wdus H i cofisad in soma
C«»jc:fa.é»j./( A»‘Qm.ad/%«, mf},é./llc'\famﬁf@lw
Su-«'»g/-m?,.( m e ‘]lelw\..\{ {Z'.mfrm ‘ | :

C;h-w(é,ru.éé: lek H ée a dubprowp of G Then o followieg

(H A dn &

(4 ) Fd‘a..ﬂ.f%/( 4 G axd any §FeG, HSKnK}»'.\):LIu
e K.

(@) Evev &J;‘,rn.r o+ G Co-/f‘wH o dinormal -G, and H v
| net Codinied & lhe dlvedion of any Too difinck Compiake sulgroups o
L

lve nol alho lhe fra«.n.q-

} Lewma 67 OV H prm 6 ad K< &, b HK pmG-.
]{:;; b K6 ad K=H, K HpmG 4 and ol 'y H/K pe G/K.
K- —prHK—and HEK poa G, [len H ponG

i) —md—(iiy=me-dearr  Jo—prroe—tii—tct—§ -« —ad—F =t HG—

MWM&HH—TK—WTFH‘HFK‘




(D) We ek next some eany covollares o 6-6.
7 / Laomi: bl Te normalizers o promormal Subpreuss Y e i
In /:mﬁmla.r, xoemalizecs of. Sylow :%; are  abnormal .

Lenma b-82 Ponyg  Subgroup confarnilp an abnormal Subsgrowp i abnermal

Lewma 6-63 Lebt H prm G and b N=N ). If fuwo eleanhs of Ha
cedic of H ae cofugale & G, Moy are ofuale & N. I fou normal
—J‘WJ q4 H are cm;,cgwb.ti('}, ey  are Cwyujnf-, ~N.

lemma -84  Let H abm 6. Then no firo disbiict clmeks of be
ceonfre o H cam be cojugaki m G5 and no bro difiich normad Silbpeopr
o) EH canbe comjuali = 6.

Limma 665 leb H prm G, b N=NyH) and Lt K=§H®Y ke
ke ormal clrswe o H i 6. Then KN=G . Further, i HslafslnG,
few K<L , ad S0 LN=G,

Poop o bbs. et § e G . Thaw T=AH, HTF < K wnd 1o Hf"I:H
for Some € K. HNewee §=(§9)9" € NK=KN, ond 5a KN=6G.

Lt L=Lo,<alj<a-.- <L =6. Sice H=sL,, <G, wehove K=L,,.
MF'S‘mo. H pm G, we Aave K= {H5] ad feace HsL“<z/.,, fives

K=Ll,, ad 5 on.
By 630, ptn awy Subgrouwp H g G, fee o a wnijpuely delinma

Snallist Subnormal sulbgroup o G which ondfain H 3 fio b [ sudmormel closie

4 H ~ G. By 665, #&SWW# m’}rotoml..rdr;f.—oi

covncidin B b aormel clownse . |

Lewna 666 A Ibmahn.al, .rul;x,rou,, ca.nol’hﬁmu,l;l&.wuim] ot
16 comquqalin  (etler fan doolf).
For bt H pm 6 and HY4H , $c 6. Thn we can cloose Fe T=(H, HI}.

Buk HEHE = HEH weald iply T= HHY by 2% cofing & §-6G), sorry!

Lemma 663 Lot Hpm 6 amd bt H=<K<SN=N_(H). Then N (K)<N;
é /w Kpm & i ad oly g K/H pm N/H. ' »
| Suppose KE= K, ¥e 6. Sia K=V, we have H'a K. Buk WYL
conjugals &5 H & Tm(H, H} which i condaiad o K. Heww H'=H ad feN.




. T v
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[ KpmG, Raw Kpom N by b2 axd o K/H pm NH. Goaversdy, if
~ K/H p~ NJH, e K pm N. Fer aay neé&, e in an elewark § =
(H, '} < T= (KK suck ot HT =H , sica Hpem G . Then H<a K?¥
ad o K< N Sue Kpm N, we Rave K739 K ;4..-:,...‘.(57,'-:{/(,&"3
Bk g §eT and s0 ) =T ad henee [T €T. Thao K and K7 are
Cm]ufw(l e .o Thew /u&\ﬁn-aﬂ ne G ad 0o K pm &

Lemia L-68 leb K< G and Wb H/K: be «[m:na-ml. ,b—-J-J-g'wf
/% G/K. Them any Lyloo p-Subgronp 2 g H & provecmal = 6.

PmaL-. Sice H/K & o p-prowp , we have H=KP. L& fe 6 and
e T=<XP, P§}. Then (H,H} = TK and sSiee H pm 6, we have
RIS B for toma fe T JeK. Thon P and Pl P57 ae §ylow
posubgenps o H= HY e hace Ry are coyugels & faie join
T =P, PY1}. Bt T, =T suice nel. #e..a./’.,af‘ PP 7
Thio Aolds for all § € G and o P pm 6.

T & i o Kl /tatkoe-d/ammxip wl»‘«rouj oj—G'/K N e
mge, - IImuaL\r-LechT‘m ? G ods G/K of !m/:mwml.
S e ~

Lemma 6-69 Lt G=LM wlncm o> a.uml/,suﬁfrmrcjféau)

LaMm=1. le& P be a Sylw p-shgrowp o L, F,=LM,B] axd
H'= PP . Thea H & ponorwel w G

Pood : Q=PM o o Sylow p-sbgoup o 6. Lk N=N(P). Siem
G wd G/M hoave flo Sama rumbor of Syloer p-siheongs , we ke Ng(R)
= NM. Let /‘l‘?'SQ Then Qr=/’§/‘1 Simca. M G ad P}<Q PnM=l
Hence RE=Q ad §=9F wll neN,TeM. Bk P=P o 50
P12 P oud kenee H1=H. T HS=HS. Bk FaM by 716
ad PY< PIP,M) = H . HNece HI=H, ad 50 Q codacia ondy ome
coqugali o H a6, S0 Hpm G an sbbi,




(E) Theoven. -8 ’u‘fv(bw»fc“&/'wma—wé— are O.Vmwfut
V) G i nidpelant .

(@) No proper s-J,Srouf ot G o dimsrmel G-,

D) Ev-c,j ‘r‘"ér"“f o G w Sukmotmal 6"

@) Every promovmal subproup of G i nermal & G

@) Every maximal subgroup of G o novmed R G and Hicfore codaina G,
@) Evey J‘Jlo:.w Subgrowp of & i notmal m 6.

Pmo(-}: U) S @) For b H be & propec subgroup of & and Gt
1=6, < 6, < - <6G=6 b a codral Serica of G. Leb 6; be te
fust Gom o Mo Seres Mick doto not codain H, bt Fe H ad 7e6;.
Sice 6; /6., @ m Mo codie of G/G:, ,we have G, §7=6_,7%.
Hemew G n§yl=6._,% < H, smce 6., <H by dfiibom o1 ¢.
Thesefove 4% 7' € H . W“Ao&bfwazt l‘eH and 4 € 6. Houce
G: < Ny (H). Suica Gk H, we comcheda lhat H i not dionormal & G,

Ui) = (#) i clear.

G = @) followos fom 6.1.

W) =0 . For by b3, a maxod Subgrowp is <illec Natinstl
o~ adnocmal | and /ibv-fe.co.u] caca £ colbmmai %M,
i) => ) i dear,

) = @), For by 661 and 6-62 o mapmmad subprowp which
Condains e novmaliner o « no-n-nohm,l, .fylou) J‘u,&xmuf v abnormal
and /ﬁrcfm net novmel A{(Cmafu% , (V) = (V) Himce XJ&.,,J I%{

W) = (). By idutin on [G]. Wa need HKe follnrig <asy

Lemé-g. Lt H < G s K1 G and HAK= 1, Tken

/-eve-y domenk of H  commudea Al every eloment of K.

Fr bkt f e H,peK amd §= g"H;, Then £y '5e K

and So e K, ohile 7'§7 €H ad sa I\e\H .C».a.ana.i

U
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Sippose noo Mok G F1 and Lt Sde a Sjlow p-sibgroup op G, S# 1
ad Z=13S. Pew ZF1 by ES206). [k T de a Syl g-subgreup
f G M gtp. Then ZAT=1. By Lypidleo TG, Abs $<S6
wd Z char S, 50 Z9G by 402, Honce T codrbizen Z by 67,
Alo S cendrilizes Z=3S. Thuo C=Co(Z) codama a Syl 3-6lgeoy
¢4 & ﬁfqufmz,% g=p. S0 C=G ad Z= 6.

By 56, ZT/Z o a b g~ subgrowp oo 6/Z . Sice Z< 6 and
TG, we hwe ZT <6 aud Jo ZT)Z <3 6/Z . G Face lla
Sylos subgroups o 6/Z are all normal | by s4(i). By Mo wducfion
kipotlenis , G/Z han a cenfral Serico wikk lima 6;/Z Aoe

Z=2G6, < 6, <-- <G, =6, Suiew Z =36, 1=6G,<Z=6<-<6,=6
b & cndiall serite of G TRus G io nlpolint.
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