§ll-. MMLM , R‘fmod'afms ' G”{lu.{atu‘

(A) An cud'mu;p.‘uw of a grow G W a c’omorr‘kc. Mdf}’vw} o}
& oudy et : W b &Pcmutdmo}GMm&
grouf’~s'{'m.oluw o4 G mvariank . W

Mmjckunlg‘ Lt X b any :‘l’lx""o ‘Iln.. seb of all

X o= (%, %, -0 ,%)

Witk n cworbuada x; € X. %W“muﬂlﬁ,’.&t"m;.\d‘mdab
Moo Covtdialis maed wot be didick. Thuo IX™[ = IXI" Only when
X,y Xy are all Kfferenk Shell we call X an ovdered Sf. Ao
n- asy relafion Commectuy e aliwanks o;X% delecmives e seb R
of.aﬂ—xexkf-ru{éei fhe Siven velation holds . Mmdy,m

ek Ko selatiin with Ris sbset R g X*. A shuokioed
sk X can be specifal by a cdaim nuber o relations
R, R,, Ry, -, M{‘Mauarily all il [Re Same »n . Fﬂ'cxuu-f(o

_wem»ltmkq} Ihd&dmg q,gwufG-u.rPca./uJé “
Smsln. amuy relation CMcotu} of all l‘u,;(cﬁ (£.9,7) ¢ G’
for whick §y=17.

ij o eZ(X) mdwcu a hulf):u.s X —> A of xnw.&t&g,
defucd by Mo eppatiia o). = ok, C=h2,n. For any
relafinn R, et Rt be He seb -of all xot withk xeR. Tl
seb o ol we Z(X) such Mokt R =R, R« =R, , - & deardy

Su,‘.rj/rtru.f o S(X) b i called ftn'(fﬂup_?e&ufmﬂ-pl.wm
d X b repeck b Mo shuclice Jefind by Mo welafise R,R,, o
TR Momwrlao»\ o & Shuelare preservg /u.nm,bllow .

Foc exa-»,,[:,, bt ¥ X comaist d n real numbers and (b R
Comoint F all x € X' Sack Haob
7 TT. @ —%) > O.

/d%:é‘/mur o}wfmor}[wm O}Xun#feo/;ecééfﬁ we oblawn < the




ajlami;;b grovs ZT(X) of ordec £ Consiabins o} all even permudations
T o X. A }u-n-wfdun o} CVJ"' Q/u, (U™27>...) & even a«rrédum}»j
as Mo wumber m,+m, + --- o tge&nojmnwltr w even or oM.

e gvvufo}a‘d'mo?bons of— AJroufG will bo denstid L‘y
Aut G, '

B). Lk <, B,§.y
o(—’}'o( = §°‘.
Te elemenkt §° G called Mo fransform of | by «. M(g:»,) = "%,
Nomea  fhe napl ing. () = L) r(x) € Z(6) defired by
€y : § — §° - (Fe6) ‘
© an aui’ommf»l@m o4 G. ﬂm,Wm ot G which have lte
fwv—v‘é(d\ for Some X € G are called daner aud'mmLur_.Loj.G We
alos Aave f“P (}.o()ﬂ and So “(“f): é("‘)é(f') :
« — () (<€ @)
w /\Wor};lu:. :

&L&m-bo;mMG.Uem

& & an e.,d...ofrl;a... o4 G omly M growp L) o
all  tner atomorphioms i G. Now &=t and only Y xf=fu,
Mence  Ho kemel of Itis epimovphion consinle 4 all X € G Auick
Sty il evew Ilcm.ud:o}(;* e kermel o called He candre of &
and  densled by 6. By 3.3, 369G ad EG) XE/36.
an  Fbelian frovp e ulu,(;%
Now Lt < be any adomorphiom of G , aud bl §cG. I &
wued & donsl lhe h:n.ajc, 4 F wnder © L‘y ft,

Fansform ¥ E@) T of Mo i aufomorphinm o) by T, we Aave
o Scke A ’ .
~i T\ 4T
- § ? } é(tl) §ol .;._) Q‘ ) I #
S AT

Sice @")T=(@")7 Bk ¥ € Z(6) and So §T o an adibmmy

'W%’Gﬁlfudmhs&“l‘% HNowew we oblans bf.,femuL
Ee)T = E(xT) .




Slu-\»\i‘:y “f” we Luw. .
. /ﬂemlﬁ'l Fcra-ymG-,wi&QJM}G-,w[ue
G/36 = H) < Auté,
T ‘(/"t“"“kf"’“/’ Al G [E(EY b Somelnes called lhe frowp of oubir
Mmoﬂelmu ofG- Bulbk £ is more nalural 6 call any oudomosphiom
Gw@r:{-v(: o kol mac,

,]/m /@') /{ X 0 ary .r..LéeboJ fb,;aoufG and K €G | lan

p we wrlb & o4'X«x = X% Thas X io mvarcand u-\_c‘cr ¢ () «/— and
77/” a-n-@d vf XO(—;O(X Heaa. a 'nah-a.,e “’l'b“"“f ,d.G— w },ﬂeawg m\
471 / w'{“l b mvaradk u.-ulu" -e\re,y any~ M:rmt?/u.o»\. o G -

7;/ K96 <« K=K fr ol xe6.

/i [5( a .s“ﬁ.jm.,, of G & wwvariand under every aui'onrrf[um 4 G
E/ bott owlic ad immer , ¢ b calld a damduibi sbgronp o G
/ By 2.5, i a °jclu‘-f-rﬂ'uf every Subprowp characlrable . W
/ ex,mul&bkba.cluumt;;«lxmuf 4 G by wbils

K char G .
[ /f KMG— and X €6, fen fle restrickion E(x) of €0 6 K

< h..a?;l.wm o+ k bt w S"‘"”‘L tl((") o rat an wonar
Waj‘Mdﬂ'f’lmmt’;K Hwn.ﬂr we Kave

Lemma -2 i H char K ad K< 6, lhen Ha G,
It H chkar K ad K char G , Men H char G.

Bt H<K ad KSG b not i penornd imply ek H<6.

@). A l\o-uo-u.or’)l\iam F o a frowp G Wi & permubadion §rop
S(X) & calld a reprecdabion of 6 by penaikabionn o X

Te mumber [X]| o called /t-_o._es____ of Me refm»btww:f

(A}c /uwe aam}:f noled éi-oo Such me-\taﬁo-.« : Me M{«-—éo.l‘ fefme«l'afz}
~7‘ / M e 'ref)-cotu.b&&o-m € ot G ly hwud'mmrl.»nd If K
Koviul of « refymb-bow f .L ) 4 io calle) Mﬁi! 74.,- Than




FO) 26, T i always falfd by 14 bk & o fBAL ody i
/}G:i,lg .

If  we are sli}:,u.d one pabiadar represedation f of 6, L i
otlin converuak & eliniale e smmd Symbot F by wribly x
bslead of 2 f(=) |, whre € G, xeX and £ € Hom (G, =X).
e are Ren lft wilh lHe seb X , Be group & and o mudliplicalio
X6 — X suck Rat

£ x(«f)=QRe) B

r* x4 = x

for all x e X and all &, B K G . Hee 1 o Mo anib elemenk o &
Tle laws I* and I ensure Mot Ha mapping.

Fl=) ;2 — xx (x € X)
io a permubafion of X ad Mok fE&P) = £FEOF(P) for M «,p L6
I B oy M Mfrcocwlalfo»f w recovered . -

Toro elemens X,y in X ae relaled wder 6 ¢4 xxt =y
for Some %€ G. N x« =Y and yp=2 fan x@p) =2 ; abo
y'=. S0 MHi i an eguivalinee relatim . I evey pair of
M O}Xm're,lwb)unhr@ fucalh)a.‘fmuu“wc
fffmdafww. 3

L gh et 7 =S e T In [/ PA Crae , W< J‘ay M G

& numher ot fmuJ'ij classes X‘

X=X uX, v..vulX.
<ack of whick o permubed Tramitich, by & Eack X; comoinh of
L e X whlech are relalid J«thnj‘f‘me&u‘ta;x
fnd o comme, Xon Xy boemply Y k). TVarwdtdcdcatfi,
/?C L0 b ke peomikafion of X, tadnced by £6O |, fhen £ &
a Tranefure )‘efm{,nfafcn;u?@. £, > Fr are calld &
Tranochurt Cm,pm\e-vé of f S /L:, dedeominn f umlpw@, we
SNBSS (RO,
f=fiefe - af.




Il K, o Ho kemell of f., Ren Ka kemel < f i /<-‘§‘/<L-.

£). Too elimenks § and ) of G are called comjugals & & Y
Mém% S §.°‘=.-r) for Soma x € G. T compugals elements are Siply
<lements rclplz)unlu&;hre,m-bbiut. Narefore G splils
wls & celain number of mubially dajoik classes of comjuqalio 6

G=6,UG, V... UGy.

muwéw.,/euc.vujab,u@ ﬂ—&#,somwé..é.,@ -t
.Ka.mm.&fﬂeﬁuanu-fc«tut numenc«iuamtc;(;— ble call
& lBe elars nundkher of G. If@ioA’LoL:M,'QQClG';: cmbb-}a;
Sigl elomonk of G and So . Hio cace A=[G].
/ Lemma 43 b ZX), b elemenk T and y are comjurals
and onky f Koy ke HBo sama cyele-lpe.  lf IXI=n, He
| numhher of Z(X) M&h nmw‘.er"jfnrﬁ:ﬁ)swty.n,

Pru-od, . Suj:)»o:l—a Rak 7—-—-§t wilhk € ¢ EX) and bt
(x,;,‘, 2Ky s ces Ne) be any cgol:. o §. Ux\hgg Ky, =3¢, , we Kave

X T =3 X TP Xy > X T
So /lt‘l-b LD(I.C .xzt,

EEPRY %, - S R cyo(-_ 1 of Ko Same ordec .

, Thuo & awd i hkave Mo Same Cﬂdﬂ.-@/m G\\»a-a.ub, -»/~ }M)?

meaM@&-QP,WWNLW@14X@-J

Inaps cach eyele o f wlhs a Wf:n}s&a, cyele of .. If b c:,c&-l&,

of f oad /| Zoutim'zm",..)) Fo €  can be chosen i freeuaé
ATTU‘”‘“"‘:&')

distick s Takiy §=y goen Mo fiub pat of

Lemma 4% The number of eleme-bo € of Z(X) hedd w../z
!w‘fﬁ a  fwen M}.{ lﬁ/v, ™22 ) w TT&W‘ . These
| & arS an 0dd T whik eommulis il § uce,tuj,o.,@jw&n
sf;‘l‘q, é\{km-tcjclu of}lam,th[{uc»t'dé ovders (e, whin
i My =0 aad My, s 4 f"’" (=2, ...

for 4 8 Kaa oo cgc,fu (¢ % - x,.) ad (Y Y- b))




023(} o‘Yviu‘ T~ /tcn T = G‘Q}{ \ (€193 Y.) -
o)

- (% YD Commudis Wl and
% V&A«ohmcﬂdzo],&uenaw&r we cam Gle © &
PSR cdcéo. higam T & 0dd aid commules b T /f =571
wloe Mo T

aye,/z&,f-ycabvf«f %)bfltloecgrltoamaao‘}l’n{fz&
W’o!n_ﬁ,mm

e 0’\17 4«&»;‘13 ?Z(X) Whiek  ecommude bk F are
Hose of /f.ﬂ- faw ‘C,h”(;“" cev ’C;.‘ . /1 He X,

mqlLOj—u‘Jo-—JLr,
/ﬂ%/hn&&obm auwuf&m«faflbns

e fe Mo (G, 2(X) «d bt xeX. The set of Ml x G
Suck Kok xo = x

b a .rwlra‘/mul; o} G called He stadlirec of x w6
e denste L by Sg (9. leb §F € G aud Suppose lhat x§=1y.

e corel SG(x,)f maps X wls . Comversely ,
Frile SO ad p € 008, The esnch of

S(x) w G Cm(o,:mJ o -G-oe il /tc.e[tvu.wb yéx qu.c/\m
ol & x under G . fmraa.lar we Aave

‘f x'] = 7 klo\

f (emm.q_, -5 /[~ G /aznvsu.[;a X 'f'md'u&,b, Ken fu-&ll-:(éx
w2 |G SG(,JL)I = /Xl
; ,

Simcleo e ordes o G,

Let §e¢ 6. Then e seb of all ¢ € G # whick commube Ak §
8 a Sulﬁxnufc(}) called He cardrabier o § =G

~ G.  Applyig 4es
& /ﬁa,é—nefwqu we Lave [l
{ M{}l /{ ?é G [ P IG’ CG—(S)I w W & /tn.huun.Lu
i Sysie L in Gy

71,‘:. nunder A.LJ'"A Sorides 16-] .
Eacl ¢é(x), o€ &,

G an aa-d'wrr.‘fam of G and maps
.Jr?rouf u-b’ u.lrfzr-uf Two S-J»X«ro-uf H and K oj, G are calld
C@ﬁmw& w G Y MJ‘"‘%I/— e H* =K ﬁr&’mo(eG—

" (=)

I
o He Ilumu.l?aif‘am o duced LJ E(x) om M .ru,é-{,.—m./:x ot G, Tan
ES0 L e, anmwbxbow o G ;5 [fe G'th‘w\,% classco o+ E” are &
céa/y.uu o w-n/uglo ulr(rrcmp + G . Lad of foae clasreo comounls of all
e %‘f 2 G “ﬁu.rjs arc c;»yusm& mai Gl N }mrﬁwlgr.cdgrmf,




Hop Mo classin gpestion . The seb of all o € & Suck Rat H=H a
T osdyprows N (HY of 6 whid confaies H .

It e called le
weiwalizer o4 H w G . Siee H = H

o o#JJa.L.t b oH=Hx
e normalizec of H i le larpest Subgrowp N of G- Such Hok H<IN.
Lpplyig 45 & Mo reprsenkabion E° of 6, we rifacs
[ Corollarg 2 . f H & any Subgroup of 6, Kam 16: Ne(H)] i
QM b5 Ho nader ot 5“‘53"‘"7" c.ruJujuh & H 6.

Nola lRak a Sw‘ym-f “ -Ln7.r C"’)"t{‘t’ & c.tnlf H=<G
'v;- a...)uﬂ:l\/- NG,(H)':'-G. waml«roufuw-tfa&h‘(yﬁ
(&) Lt & permudi X framsihiiely . Than, for juien x and y i X,
we bweﬁuxzy. Tem 2§ = x ‘ot a.)m\l{,’cf yo("fo(-zy,,
Mence SG (y) = e SG«L"O WS HURPNEL. SRS aq,m..t.l:o;» , e sbudidae
form o c,lauo}cm\/uja.ﬁ, Subsgroups . Suf/:mwelwve«w
reprasckalion in whih G permubio X' frmnsibicly . Tese Tiro
?efwmmmc‘thg&gM lfquo.Jdi}ftu‘iaa.
mf&-m mapp s, @ o X omb& X' Such lak x0« = xxO for
ke G [ R ie He cace , Man [X] = X/| ad Sg(x6)
= SO fr all xe X . Ja Q”L:.Jaln\t P?mc-bfu:-: have o
Same  sTablizens , and 61' Courde e Sama ‘)‘S"‘"

Gnvenely , Suppose Kat for Some x € X and 3/ € X' we have
Se(@ = €S, () = H. Lkt T be a frmmovemal & H & 6.
Tan wach elomenk of X i expreasidle unigmel, o fle form xx
with Tt e T. S‘u.wlau:, each <lement o}X’ s -v.xlbrouul&, wu'(/u.év-
d;ﬁofm'mxl'( wit e T. Hemee we have a one-E-ome Mf)’”j’
6 o X ot X/ W 5‘7 xT)0 = a't., Gwes xeG, veT
fore © a (()u:.V.L T, €T Such Mak Hexo = Hx,. Ue llen Rave

(xt) & = x'tx =

x'e, =(x7,)0 = (xTx)b

and s0 Me Furo refn-m-t‘\fm are ey,..u—alzwl?




GVMMJJMH ojc', kﬂ.«f?«latM«fm‘l’éjG’

OjH. Fﬂ‘deG, f,{(ﬂ)éo‘y%fl;h\?}u;a_
Ty () - Hf — Hix (e 6).

Fof Aany § » 1 w G X 'PH(E-"]) maps H}' % 3 H7 7]&&-"’7_, o
& '/'mw«i"vbc wfrwcntd'w;; vj G. The sboddier ? He cosel H i

% 71@«-6»\, i -4 In any ’fmu«}m Nfrcaubal?ow‘zo{, w frowp &,
o stadlizen f:rrm claia %f C.ahvw\fa.b, wL—&rou,o vt G. Too

Y Ny refme»wm o’. G' He kemzl w [Re Mm “t e
Sf.'aéi&'ze_rd’ ‘ M He R{xmcnta—bo’u iy T e stadilirers are e

Il L< ¢ a«J. L<H, He L=Lf$ HY for all ¥eG,
mfm;e).;H,




/UL” If H & any :.J,?mw(» : G awd N:—-N&(H), we - have _a.
= w/}aw l'H # N ‘3{. aJowfp:‘wM 4 H . Nere (‘H[ot) v

for amy xe N Mo refiichin o b6 & H. The kemel o fta

problion by 6 clld o cortnlier g H D6 ad Sourlid by

—

C, (1) . /& comicls of all elomenks of G Whick commuki will every
VT W Honce G (N) 2% N (H)/ColH) . Thin growp &y (N)
,C,'_%/ widl é‘aﬂz) fh audrmézer g H «w G and densts) for,ne{m‘]
e AG(H) It ominla o ol aufmofrluu o H Ak cam be m&acx)
éj 'I’mmfﬂ*—uo:g H L\yé‘mwc‘f@— Hener
Ay (H) = N&(H)/C (H) .

Nob ltak Co(6)= 3(6) o fe cantre 4 G and AG(G)-G(G) o
@vv“@‘uf a'gz Mw‘fawfr‘.«om ofG'

/f we are fwew a 'fefrcou,td‘wwycgaml— ‘3—
wfmimmgfmw&ume' wsltwll-,fajft‘ke's_hh_:n_é
[ oas growp of ¢<mtm. kG «.‘Jé-:,kcdwbw, &
@ woually comveniank G wea Mo netalion

§ - §” (f ¢ &)
foc o adomorphiam F(%) of 6. Hee w el [t & v an afhbie
frvp, @ o{-ﬁm /m/-)acns. we  wrik fx imslead o 5% e laws
whiek apply are

L{_?)«: §q7u 5 §1=§ : §o<ﬁ=@n)[?

o (e =S+ 3 K1=F 5 §(=p)=(w)p
a.ca»gul.gfs'/ipuu., ng,},7eG m.)o(,/je[-,u/l.-‘i.,lchlb.
unit elemankt of | ‘

A sbgrop H op G aabmieidle Y HY= H for all el
Jouwa and wliu:.cfwu 4 Adviias cile Ju.l’gmufx ase Y A . A
Section H/K ofG' o adwusll '-f both H axd K are adniosll
I K b He cane , fthn ke mappid.

‘ K§ — K¢ (§eH)

. all X
& ‘,,w:,\l an a“j’wlu»\, OJ— H/KT lf ewc Ma&‘d: za fH/K (0())




Hg

(79N fH/K @ a ﬁtfmutduwo}r, and H/Kawraom‘}?mfm
B /f- G, ém‘yrﬂ.«rw *M”;i’ f-ufrvufofojurwfaﬂ_,ffen
Zla ey Kbk G ad 6, ae oker-d' -c'omo?léc.,or move /m_u"d‘-’, [=coomorpl
i e o an bomorplion § 5 5, of G oks G, suck Rat (¢%), =)
?Q-r L fe Briaad cadl: sed 0Tl hatesw 1—1——(50'\"?‘.1:9»\. @ cuw.l:rm
{”M?LW“LJW&J&(Z&-A /l‘t'ocll.u'fﬁal'«‘}’fw—o‘
a%c'&c% Secliono of G are ML-‘t /bj are nl.cuouv(j f-c'omov]blafo_
/m.a.wew&/&ﬁ,macam‘aaﬂ ?37 and 39

Neoror 4+ 1 Lek fiom(’raw Ba [ as provp of operadors.
e Qny faro = admisadle Ceres .’( I P W wiosa Mm
e = boomorphic w pai . /ukyzf' I'-Ca-rnd'w» series of G, le
‘)ﬁ\d"mmruwhmpaw.

Merc, o med’mwm L -Ibrvfu.r-l‘crm U’£¢1¢.[2h~0 ore
all [“adiisible bt w‘uL cannet e ftfwd any fu#u- w'v('i{awl:[o:tv-a,
Ko propecly . b olher words, eack fuckor oy HIK o ~ [Feoprils
Serles o [:J_u:‘.;vlz w. Re sense Mok ro[Skproup L exioli Sach Itak
lileiiiogm K<L <H and L<aH., T wplio Hak H/K hao
no  claraeltsolic Su—atro-u.f L/K olhe Man Mo b obvious omes wnkh
L=K ad L=H. A growpbulicd lu exaclly koo chamclirihi silirony
b someboles call) haracdiviobioally —sople ;5 bk Ko Joes nolt mean lat
G &»ru;f[_e.')fvr G may Lave umdi«.@fmufa M wll I<M<éG
ik we aod chapaclircbe

mw»Lst/,za;imoq.‘r°7,afwtfrm Me ore alreads
overed m 38, W Mo cace MN=6. A G- composifion Senea of G-
Qawmcl&'/-\fey{u 4 G tnl;ﬁfud’ma&cww
¢ G.  H/K o a chisf fachor of G 4 and by Y K< G and
H/K & o nomal nopmal s Qm_ 4 G/K . (M o « sccdd
rovmal idpoy o & 4 MA L, MG wd M cndhins no normel sproy
L g G spel ok dsl M)
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