Ls.q) =348y =¢§'s? -
b be He Commndafor of § Bt y. Nol Gk
[y, £] = L&37
ad Mk [E,7) =1 Y and oaly 4 § and 9 commule.
L&HMJK‘&JW»}G— We Scfrne
[H,K] = { LC§,7]5 SeH,pekf.
Mewee [H, K] = L[k, H] and [H,K) =1 ufa.)a»@(,d—&vcve(;mf
&},meﬁcwdw aj-/( :
TL-.M ‘

il = [G, G'j‘ ‘
o calll) fa (fist) Jonved powp of & T decond, furd | on denared
frowps o & are "= G , 6"=(@G") ad 5o on.
Bewdio 6-9 , we have #He M ~¢ao¥ reondls foncorning Commudadon
L&MM7~I ;
6 C5q,57=L18,517 19,97
@) L¥,735]=L[%.5] L5.737.
Gy L[H,K] <@ (H, K}.
) B il « grwp of ojuedors T, HKen LHKT‘ [H, K]ﬁ.-
ol kel I padichar, Yy H<9G ad K< &, liaw [H,KJ<6G
aed [H,K] = HnK.
W) H novmalizen K +M9u17\/LHK]<K ~
) T A sechon L/Mm 76 w a udml‘fsd'«'of@- 7‘“")“17#
[L,G]=M. ; : :
Wi) K<6 ad 6/K i Abdlan f ond ol 4 ¢'sk.
Wii) Lkt H K ad L be normal sibironps ¢ 6. Thew [HK, LJ=[H,L] K,
end [H,KL) = [H,KJTH,L] L EE




hs

Poof - () §7= §L5.9) - Mence (§9)5=€&y [37,5] bub oloo %"=
~ SISSIUnIT = 57 5,50709,3] ad companiy grieali).

@) followss fom 1) by averaom | u?(l)

@) In, bt 5,9 €H ad TeK. Then [EIYV=[57.3109,0"
€ [H,K}. This io Frue for alk Sach £,9, 5. Hoce EMIEGF H< N (THK]
Sidady , i), bt EcH «d 9,7eK | We odfain K= Ng(IA.KD).
Mewe (H, K} nomalices [H,KJ; and abo codasa . So (@) follour.

W LE,71%= [E 9T el £, 0 G and X6l Homea
[H, K} = [A™ K] . T It Had K we normal &. G, lha fuck Hak
[H, K] = HAK fllows o ).

W) Lt feH,qek . I H nemakies K, Hun [§.41=F7%. 9
oo in K, #ice S5 €K and e K. Memee [H,K) < K. Convonely,
Bo (dlar redafion lujala.uﬂ;»é S €K for all SeH,pek. o H
notwalizes K. :

W) Leb §el ad 9eG.  JL L/M o a andead faclor o G,
in M§ crmmakes bt My, 50 IME,My) =M. Bt M< 6 ad
Jo [ME, My] =M L§,y] ad [5,]eM. T L[L,6] <M. ,

MLC‘M@% bt [L,6] <M, Sice ML | Y follows ltat [M,G)<M
and S0 M<G by v). Futhr, LE,q] €M and so [M},My] =M.
Hemee L/M =< %(6/M) ad L/M & a cendrad fud'arv/_(;-

Wiy I K<6 ad 6/K o Alcdan, flew G/K o a cantral fuckor
4 G ad s R by i) Guwenedy, f ¢/ <K, Mo [K,6I<K
wd K<t G by (v) ;ad & G/K & ca«:l‘ml,f»d«'\yé l»a wi),
kence G/K o Alelean .

Wiy Teke §579.3 # () and (§i) b be arkibinsiieloiank o+ A, /< L
ropecdicedy  ed  we (@) ick emrses fa nomaliy o [H,L] L [K,4] ,

'7,




The g‘@,pqczd'mi Sevies o 6 comsils o;/b, growps }"G—,&l-;e) m}mf‘wcé
as  follows -

=36, P76 =363 36) 020
Aloo we wnle é"é”—_-i. Newea

1=-%6 < 36 = 56 < ---

ad F6/3 6 4 He enlre of G/37G. T We Lave
PG cher G _
fe dtn. 36 ,3%, are called Ko Secwnd , Krd |-+ condres oG
We dapie ' | g
| 36 = U 76

- ol Sty l’xqwce.dre ¢{,G—,
}G--'{:HG' Ko

L-}G< G o <}PG—.-.5‘,’°‘ :

Swppre lkat 1=6, Q6 6,49 --

Ié T~ o He [LMb.nm-'\n‘.{aj—u;-& Lu@ef.fucﬁ/fgt

a..)lt.te“lc/ ey e A

cetral 7&:‘15(7-6— Then we Kkave an Mcz-.&# cendpal Serces o;G'
33 aductie o n , we odfan
| G, < }Gr (h=o051,2,..-).

e u%fcr condrall Serces U Mo Uppermeals aou-\s-;j canTrnd Serias of G
Neweea G & »w%or&wl: Y oond andy ' C=36 = F6 for Sema r30.
Mo leaot soch # & edld Hoi clas o 6, fvao...;.,wamz.
Abelian J,rn-ufu are e Jc-»-q, an »J’wfinl:m of class 1.
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lewna 3:2 . O I} HIG amd HA3'6 > HAZT6 for Some T 31,
~ | fem Ha 3’6 > Hna 3776 for M S=14,2,...,7T. ‘
G U 6] =p and HI=p" ad HaG, Kn H<36G.
Gy § 6+ 1, K &/36 o nef oels. ,
W) =5, bBen for n>1, Ko cdass of & G ak mest n-i.
i farw, §ops vf anlv’/:" are Abelian .
Prosg - ) leb §Ee HNn 36 , 5 ¢ HAy'6 ad bk +>1, Z=376.
Ber . ere, o0 *an _alvnent y o G sudh /tvt[Zj,Zq]-:/-Z. S Ha G,
T=05,3 el byyiw). Abe T€3 6 siwfc3G. Bub Zy+Z
wd 50§ £ 372622, leaca Hag "G > HA 36, .
@) follown from ().
Gy If 6/3%6 b eyche, hew G={36,5] for omeT and L},Y]I~1L
ﬁr.ﬂjé}&. Hewa G o R’LJ&.\-.‘
@) let 6=3G> 376 > oo >36>1 5o Mok ¢ & He clasagy

G. U e=1, Mo reuld ﬁ%fo—ﬂ?l. I} «>1, le G/3°6& e o
order ot least p* wnd s |62 p.

C) [ X i any subuet of le prowp &, we donol by X& Ko sk
ol §F ok feX, xeG.  Then (XCF o Ma least mormal sukprows
G codainiy X . [ & called Re novmel edoswe 4 X &G, Node
ok Quy s%y& u/‘a,c/\w\fanb-n,é) 5‘7 /tb‘(nl’t’w"l-“-udz’b:n
W%c&w %Wﬂ«&u&&é aormal e G,
Theover F-3 leb H be a Ju.agfrouf of & a~d [k H, H,, .. Hr~
le & any ordir Mo cofjugalie G H LG, %o ek +=[G: NyH) . Then
CHy = W H, - H,. ,
T Harserm o da & _1bs. | | ‘
oot Lk K= H ey By s Bak K= {HEY. Foeyy elemek
'ﬁféK Sl ex/wavz) e Ifh—frm\,
: f‘W ol §o | ()

e § € H: Atz s Do sug Bak o cmpmusrin (1)l

+
Y2




me E Ho ordued mullifll i= (4,6a, b)) . Clowse (0) o lok
S y ou’»«lL wlm«u‘& a;)a.-o...j /b./nmdr& <Xpreasions frrfcwli

maws,dcm(i)so&timmmréufmw&ulﬂo

lsieogeoplic. orduriy o onland wlbplbe. Supprae Y porible Bob fr

e A<p , e have § 7 G Then we have

F=§5]--- & ()

u«ﬁa«e §, =5 fr o v<H @ abeo foe v 8= ‘t/“' and for d<ot=p
= g";“-,g: . e (2 M"ZS‘ 6 He ordere] mallpll f= (4,08, 50, )
?t. [ugﬁ $; amd L precede ¢ owm Lxurg--fl.‘_ ovder S /._< & . Tha
codralichs /12- Wu&w ¢ C. Hence e - 2 6. By =g,
lte liro mj%umﬂ f:ucfm f‘\ e, (@) can be. contloced &5 & IMS{I'
facor QLJM&L.*&H ‘al,&f-m%fyé’h‘\kw%
ajs’. Hewce ¢ <€ <--.<é, and o € ¢ A H, --- IR PP i 7~
s el f K, e Mos i K 1, H e um‘u,

(P). & Lemma 78 Lok G={X} and Gt H={(Y®}. Then
ILH,6) = (Z°1 hve Z o llo Sk of all commudutoes L‘7£Jw‘l
9 € 7, FeX. .

Pesf : By F1@w), K=IH,6] 96; <boe Z=<K. Mo K,={2%
o codamed & K=H. (bt H=36mdK). Sice [7,5]€Zz<K,
for b geV ad M FeX, we hwe [Kin,KS]=K,. e Abo
G/K, i gomeraled by fa coseb K, seX. Huw Ky e 3(6/K) ca.
e H, for el 9eY. Bk H<6G odso Hy = H=(Y%). Tl
HIK, i « cadid fu:f'rr ¢ & awd 5o K=[H, 6] <K, 5‘7 F i) -
Suce K; <K, we offa. K=K, oo ~pived. .

e deplie aducfiel, ,
1§ S s A B I ) A N
[Hys Hoyoos Hy) = [lHy ooy Hy 20D o
Y{«r nE 3, 4, e , Whoe Mo £ 4 H's an '“/’“’(“’"’é clewends and ‘f"’&f‘wf

.
&{LT,




71&. g»rouf.f ?,.G -’cg-u-c) h\étduvbé Ay
= G'=€]7G b [‘g;G',G]‘;%“(G) , M=l,2,---
ae  elaraclivabic su!rym-f @ G, IJ 71@) ond fle Serces
G= 16 = 6¢'= q,G— 0}6-
i called Re lower contal serice o‘rG"
Sappae Hat 6 =G & Gy b @6y 2 -- and fRal <ad 6o/,
o a e dal ]ctd'crojG' %Mw«duwk}%j@ém 4 6.
Bj e ilien on u., we Q son /
4}6- ‘ (r=10,2,3,---).
Te lnser andrad seriea of G o K lruresmos € eocenbong cendral. umc;G-.
G & rlpolik f ad by Y G G =1 for s T30 and B
least Such + o He dasa o &. I e i Be closs o4 G, Han
36 = (h=0,7,--,¢).

(g'c—n-f- ‘

lewma 75 () I} 6={XY , #en 4 G & pomeralad &y alL e
Commatators L&, ., FE) wt & €X byeltor bt Bic cojugahi & G-
W | Hs6 ad ¢ G =< Hg G), fen 9.6 < Hlg, &) fr
S= v, 42, - aad S0 GG <= HL%I‘G-) fw- Al k= 1.
L’ii) If G »era(i.J.' ad H & any «Lfrvuf Sach Mot HG'= G,
- & T ke alposli G e I HC ,LG n=42,
(P)wvj; ﬁ(wﬁwﬁiyzfénmwu% ?qulqeé
Uy By hgpelleaio, every tlomsk of o4 G Kao He form Gy T wlk neH
ad feq G He..c..%G— o fenwraded by <lmenks o K form
[y .53 ~[7 ¥1707.8] b fe 6. Hew [9,517¢ H sicn H< 6
and [T,§] € K=gq_ 6. &Gie K6, we M ke ¢ G < < HK.
@), Tho o o comgponce 3 &8, lf H<6, bt M he a maxial
Subprrup of G codasuiy H. Tlom by bg ), MG ol s0 6/M i
cpelic o priw order, awd M F 6" by 7'10i). Hewe HE'=MG'=M<(
ccw'f("mvn & I“‘//»d‘ifwi.. : ‘

Han

A~
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QS) Lt H:a6, KiaG, o MG for cmty,R 5 oty hjon

= leym . Ten Fol (Vi) Gures He panval difidibie b o
m....ﬁ"dww
[‘71”“-?[’( - YTM,] 7T[‘, s M, 0
by mIncdion m@cﬁﬁaﬁdmww&uxm%&mm:mnm
I paticdar, 4 H< G M/(<G) we dlan

g HK) = TT [L,,L,, -, 58], ; )
“&ro e }’M “ 7LaJc¢A over ol " [Ern\o An.ou-,} eadh L ey‘u.lﬁ'uﬂu
H « K. S‘«?,m Kok W L= [L,) o 'J J,“o(; r are gp_‘,l,

lxh’ma.rt;m-cp..dé'/( B,wwwa&m.;,uefa..
obtarn, L = 4 (H) A %(K) Mere we must ulturrd’ % H) = %(K)=‘
(2)  pies '
| g (HK) = TT () ~ g K) ()
fkm Apasm e n+s ﬁd‘m are. npemal in G Frca e.g. q}(H) dar-H <G
Suﬁ’mnaw/&tHMJKaanchb 'j-t«lau&u:)(rreaiu.d“

‘/3‘: wt"ILa.éb u=0g+é-+/ (3, we Han have o each MM edla

Tz avl o a=T3z bsr . B g H —--fgzw/(: 1. MHewce %1»6-4;@[‘
=1 ad we 9&-2'1..'\,

Tewrenm, 7-5 /f H ad K are normald suj-(/mufa of G ad
d R ad K oae xlpolonk, of claw a and b veopackil, | Han HK G
u.ﬁia—u o du,, i wmeslt a+rb. (Fate-g)
w@-ngwfdﬂdk %&J%%o,uwﬁdé’wﬁm

6-8wiy. F ¢ I_<Hl< od M=HnaK , Man L= IH].[K:M]
by §:5 (o eppally 3:4) and % [L], IM¢[ = [Hl, 1/%1 i S ad”

are ffe, luop.:,f:,‘o-af wd?rvuf }H G..JK Nn}»ed‘wc% fea S clarH
and So S<1G . Su-wl«r% TG od fo ST <6, Nows 1ISATI<)

Noe [STI=IS[-IT: SaTl = #E [Hl, IKl, /M), = [L], . S IsT|=|L

S wd ST b & Jylro posibgronp p Lo Mosa It faf(wo W i L we
WL nermal %J,JOVL@,."J,MH,A b, | >




. M’f&_ Z-61 .

Eucgj m & LM o Mn;lfob«t .rw@xaouf NG
ek co-d'au.'.,oeu-o-yvalr M%M&W%G’ AG o called
fL—FJ&mgLSW 'fG".

U H stn 6, flon H =H A NG, h puli
wotny Sukmormad alpolink Subgroap o 6 o endamsd o Mo Filbig sbpeoy
|4 G. |

Pmmj 33 74, a Mu«lfo&at -ﬁd—&m«r o maxiumal order w G
Confama  even normal ndpolok subgroup 4 G and Kence “ndgpe. .

C&“@ NG cor G . Islm,.,g. HaG6, H<aG «Jd 50 NH<Hn N6,

Rk HARG 9 G and o \LII)M*) So HA 6 <= aH. Tho RHA=HA N
4 H<a 6.

'ﬂ@q&hatua&mm?:&le, Ié-Hi.
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(F) Let §.7,5 be elomenls f ary growp 6, Lb «=§7FYE and Lk
~ ﬁcm.)aféc oH'aulu)ﬁrw ‘g':adolu.fa»—.fqi’w;.o;f,7,f_7hn
L5, 7.5V = 7O 7O T(E157)7 7 = B, Tho we ofaic b
fu—t(’ past of.
[ Thesvom 72 @ L§, 7 IJ’[y,K“JJ Te,513°=1.
@) Leb H R ad L be subgrowpr of G Then any normal silproney M
lof G which vl Tore o Hee Frowpa U= LK, L, H] , V=[L,H,K] and
W= LA, K, L] abho confain He lud.
) o pacticdar , Y H,K ad L are nomal o &, fen u<vw V< wu
W= UV.
@ L= H, K} ad "¢ [H,KL]=1 , ben L HK]=IL K H]<a{H,
Prwj:@.’). I Gy, Qb}'ei{,:]ek awd [ €L, ad Juppoe IRE M
cofiin U and V. The liree fachea & () belmg reapedicel, & WY,
L Vlr Sice M~ G, UT< M=M ad an.zlar«’;:, Vi< M.
'l'iLﬁ»aL LE. ¥, ’'%) € 7/‘17 —MJ‘ ol Fa DT tommidis undth Ml_’f,»]“:}
for M SeH, g eK. Tarfore He centubizer 5 MY & G/M
codaia M LHKI/M . Thie & Bue for ll T e L. Hemew [H,K,LJ=W=t
s wepicd. (i) o a corollany o @), Fhy F1 @) -
() Leb C be He cedrbioec ¢ [H,K] & T={H,KY. By 7-1GD),
C<T ad by pofteei L <C. Hoe LLHJ<C by71W.
leb fFeH, 1eK ad Te [L,H] . Tlew e C & [,}‘,f]c—[H,K]
S0 Bk T commukn wlt [3,q7]. Buk i< LE,5T9  ed 5o FAG
fires [, 7% = [e,97. HMoee [LH, K= [LHKT . Sl Seh, e
boo have [L,H] = [LHP by 30 ). Meme L[L,HKT5=[LLHT, KP)
=[L,H,KP] = [L,H, K] . Thue H normabicee [L,H,K] . By 31D, K
abo aoemalizes IL,H,K]. S [LH,KJ<T. Buk [K,H,L)=THK,L)=1
él:y Lgpofﬂiw; i IR—GA‘C-LA%_ H owd K | we ftucéﬁc f.:c) ot [L, K H]<T
abo .  Sice [L,KH]=[K,LH], @) noo flloos from Gi).
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(G) A C«ﬂ’vel&r;, of F-F (i) , we Kave
| Theoeen, 3-8 U) Lot 4 HyzH, zH,2 - be « senies o
noma.é-fwéfro-«fs ¢ G and lt K e a.,ful-gn-vufo;G-.ruJ At
[H;, K} < Hzyy, fos M i=0,1,2, -~ Them [H: , g K] < Hep, for A

EZ 0 ad nz=l.

i) M G, [q46, 96] < G ad, = m
r ‘GL, 0. G) ?}m Rat A ~ :

@) I 6% a e Atk denve) ponp o 6, len CTV< g 6
Prvcat: ) A} whecion o . for n=1, b HKirvem o True ¢
i’n‘ype'i‘ﬁm&- leb ">1, h T @), bake H=Q];‘__’/( >, L=H; and M=H,,,
Tan U=[K,H5q K] =[H:, K,op K] =< [H,, , o K] & hypoticccs

wd S0 UM by ichin. On bo ofto fand, V= [H;, q,_ K, K]

< [Heonoy s KJ by adicdion and o V<M by lhe Lypottne . Sice Ml
U flles ok W= [ K, K, H]= [ K, H]=LH:, ¢ K) < M=H,,,
ao mf/«}-c),

@) /f eack o Me £ecfiono H:[H;,, & « cadial facf'or o4 &, we
c““’-é"k‘/(':(;':’(“' A']’rl‘,»‘-jliurtu&rktslt&{cunrd“f,“
candred farits of G pines (). ,

D) B\, ndction on n , We ey @isume &bl Q}i_G— fw' :o;un.n,
shce &= 6 =96 . Tew "= [™) ™ = (.G, $6]< Fnu6

Lak @)

W) If xe A=ALG wd fc6, hn Y= 2= T

H’—“-AR .

o calle) Ho Alosph o G Nol Mok H o a Guidhie sulprng
o S(EY ad Ht A 4 /im.duv'&i«yi i H. By 53, M
7 centrelizar o4 R & S(6) 4 L=06). Bl R ad L we Gomepl

‘el & ad Ral =Z eneisl o ol be pemadifon (1) =AY
wlt $ex6. T shdilier 41 i RL & T=UE) fo proup o




el awd‘wl.m»-—d of'G-. Nence AnRL-:—T. _ﬂa,feuml—f«’-ol&o o aae

Cwien a WF?WM%G,@ aay.r...l-x.—m.f.;l-\) 4
b oflon comvenink & Kik g I oad 6 e shgoen op o lger
frowp 6 Bt TaG =1, 6976, «d = LFt for §e &, ael
Such o prowp can bo oManed G from [r(G) by denkidyivs +(3)
wilt &, Ue call 6 lh holowsphie exlinam, 4 6 b4 T. Wi devicn
gu}u - mm’.:‘- B R towamadduti [§,x] waik §eG, xel w=z. Z"-’}f".
Nobo Kol fe device & parely o notafiseal one.
( - Teoren 79 MF&aM#JWLLMc;G and Suppose
Aok M&chachm?% G=6,>6, 56,7 ~->6=L1
Swcl  fhat (6., .,F] <6 for €ack C=1,2,--,m, Them:
0)  Evewy priee }riw'»w} o (M oo Hrideo [6].
W) o alpolet ,, clns ok mosk  Lmim-s) . x
kln) [6,7] & o nenmal uifr&uk Jui-&rwr?G and FIG)F‘}L o
nomal sdpolat sbyreup . TG
) /al cad.G--dG f&u{i.,c[‘“,‘,l—»dmém-—.
Pmoj, @) . B}. mal«,d'wwoam, Since =1 hen m=1, Leb& o
b any ek g T of prwa ocder p. U [6,«] #+ 1, Man p Hikde
[6,] & idudan . I [6,&] =1, lee i an clmek §e G—6
Such lhat (= [§,a) # 1, smen Alerwnae ot =1, Al &:Mbﬂnaxf;z.
Than £ 7€ 6 ad so (M=) by Lypstleoz. Abs §%= 57, kence
Ex?‘:f'jr 59, Mw:wwf:l,z.)-. L AP .,(/’._.,.1)"1; ,(r&r.uﬂat
T P=1 . M p Nidio 1G] w B cann alse.
@) Defie 6 =6, ¢+.=£@* ri, L-.-o,l,z“ o Them by D
om i, we kave 6= G, for alli. By 3G, 6oy <6, T

}
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MNecs e b no [o-.u o} fbnv-nﬁllj ‘“M‘“""‘"‘f Kk GZ+;<’ {G’J»r} 7{"
PR C 037 boris e o i, W | w\}a[a‘ (=1, we we duclion on m and
Suppore. m=> 1. Nenee f L= Lm-D0n-D , we Ay Gbdume Kk ‘h”/.
cedradizes &, il [ = g, so tatb [6,/, 1] =1 for ol +>{;
and Maoefore by ¥, Ur,6,r]=1Ur,.1,6] =[I,,,6] fr L+><.
Hoea [ 6= [Ty, ,,6,0) =L, ,,6,0=

b [Q_‘,, )G) r-)r.) "oty r] s EG")F, l_)..')r_]s 62-)1-.) ‘")rj‘s G_;\:.

- o - ™ ~2,

;Ao {;*M Cajm&m & and 40 /z"‘-:i ad [ o Dul/;aw o+ lase ok mosk
lomei = Lm(m=1) ao W '

@) . By 300y, [6,T]<6. Hoawe T =[] & He nomal
dowe 4 [ & 6. Takay 6,=[6,7), 6,=[6,,I] ,-- we fid .
Mok TG, i Ik noowal closwe of [T & T6, . Thue we have

=re, <Ic_< - <l6=T<l6.
Neaew [ sbn rg . By i), I o nlpelenk . Hemeo by 7obi, = A(re)
e Fibiy slbgowp ¢ T6. How T =a(6) «d & T i xbpdak.
A fodion , [6,17] i@ xilpolek .

uv) Lba ‘m'u&o} o4 F8 U).
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