/oF

$13. Pp=Autrmeplions of p-groups .

A) Lb V=X@Y k an «Mlic Abelan pgroup asd b 7 be ~
p- §rop M m Vo oadd [aur»f lte dideck Summand X wvarank : So
v(§9) =(v§)y frveV, Fady wl ; @rwE=< ufrvy
for w,veV , Fal 5, ad XC=X.

Evc»y, W'»\rev A uMMtxlbrc“J-(-u lhﬁ-h\,x-f-ymd
xeX, yeY. For jeY Foel” mw%k‘«»}ey
and yfeX é; It..eﬂu:fm

, R
EXM ltat }(§7)-(}})7) we Men obfain
=G ed gy, =yt R )
fordl,f qel— ' :

Let [] = A Swce (},I)ﬂi, mmnc‘omnn;-l:{gr‘{
CSuck Kok gh =1 med [V] ad 80 ghu =7 for all veV.

Defie
wr(y) = 4 Z y,,'-, X @)
So/iab}—-)kr(;’)uausf,uf_gywx Then fréel,
'w(}%-*zx e A A
AJ /b.»ﬁn(‘ cVufww 7.@) and do , 43 &WWM o}LI),wc-A
w(yf) = 4 2(#~}7f)~}-(*217)§

3*«&7,1-}4.4!&»} -?(L.,/h"u..tw,,r' i
% 7 = -y ad e «Lizu‘v v
e w(y) = 4 + w‘(y)f @
F"‘. y, :) o y we (:/,-ry,_)} = y,k <+ 72_§ and "tna.
@+ uY= 5T +9f . (w IOp = () 20yl o

o w(y,+ %) = w(y,) + wly) (¥ .
S y%W(’) o a LW’.Y h-ﬁ’x ‘JM /tblcéT-fwu

Hy) = 3+ w(y) ; (yeY)

“ l"ﬂre/wc Liladd -J{fmaf__v. Vi Comp &»«fw,,..&._.xmr;l e V=Xe&T,
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[Seen HpJ = 3+ )y = eye APY = P o) = D b O, e
)/' see Kak T 6 I ivapiank ... This poice
g Theomen 13+1 Lek hf-mf‘ewcwb‘yaufw;u#ﬂo
_achMJ‘-M/:mV /ér(uuamm.k o hieck Sanmand X
o;V few fTre 6 o [<iwrari.t %TSuJMVX@T
Lo No@/knt/ta—kuwlw-'}wyva.ﬁdﬂatv X@‘/.
o ppel B JHem (V/X, XY , hich o prver o p. Hema 131 a camediaks
n Ha caae |M[=¢", 7 pree.
Vd el [-ihcmpoadle & canneb bo expraced as I
J,uco[: S 7} Ere /’rora' I—mvmm,l'.lul.r-wfx. Otwé,,‘o( cuaJu-?A
expras Voo « diect Sum Vi@ V@ - @V (F>0) o BiEhean
[~ svaviak sbgroups V; #0 2ack of which ia M= idecomposcdle. The V,
[~ indecomporadle t‘—m{:tumb' 7: Y.
A A’toLa~I’ frop c.«llql homoeyelic. o all & Gvarianks are epn
/ %&,an(lmylsll,mrmkqufnddwmubwanmdL
Lo o
Prbpd, l«kwwumv“rw’e‘mfud(z J‘uﬁ’m%
I’mJ-ln— Kk V & not MGLO and bt L iba i [Ao'e,oé' invariand %V
Then £>1 ad 4 W=V ad X= WA ULV, wc have O<X<W.
S:».a, Wbc(tmul’a-v,x o o A«J:qu.m);,w Soce Xad W -
are characdirchl w V, Koy we = avariank, Heaca' lUee 6 o [Fivana
Sihgrowp T, Such Mokt W=X@T, by 13:1. Siw XnT, =0, #
largeot  invariont of V=V/T, & stil L. I[-r X, ﬁwd- hrmocgelee
we can proced swilerly & Ko exisliee of ays g A o
ok T, n X+T, =T, ad 6 T, nX =0, and la laefest ivanionk ¢
Yo =~ VI & ftvcfwc sta L . C«»ﬁku&.j &»fﬂa’my,we-cm&%
o fid o [= avariat cdgrowp T g & such Mokt XnT=0 <) V/IT
i hemoegelic . M X[ = pT, K wplin at VIT o o bpe (8,50
Noe -1 fhe ’-u-bltM o;»( s an wvadad o V, ad V]cmz‘a;:
Subgroups U R VIT. For any such U, 2,(U)=Vp (V) =X od 50 V=To
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I folloun fom 131 Bat U moy be choen & be = dvariat . Thic codradids
B r-mL.w-m/mJJJg o V and we ceomcdude Kok Vmb_ulfwéﬁe.kwe&c.

(B)  Theorem 132 Leb lo plgrop B T be representi) by asdommphion
o Mo p-proup & , bt H=1[G,I] a.d Lt C=Co(r). Ten () G=HC ;
@) [H,r]=H ad (i) f H=ep6G), lx H=1,

Meee C G /tn.é\l»tvbufoja.u. £ e 6 whick are L{l’&vnnh»l‘/o‘y
eveng e I e cam form Mo Plit exlimin G o G by [ delivmiied
by Mo fuon represstitan o T By Fo1(d, H<t 6T

Pm.,}..(ii,). Let & =p(G). By 5200, 6/ o an elmendary Abelian
p-group . ek |G Bf=pT an) bl 25, .-, L be a basis of G/S.
B? gel () yiG = {8, o S KT Let A, b e growp of ald aAomorphioms
X € Ak G Such Hak [6,6] < D . e A, < A=Al G ad A/A,

oo omeplic Wl o subgroup o Aut G/3, Aick Aee enler
E-DP=p) - Pop) by e-81. M e A, Man [E.) €S for cach
Eosand mmee lhe 3 poemb 6, X o unipuely delirmied by Mo 1 clomenk
[5:, 0. Mo pooally , o 507 € & foc cacki, lMen G={1,, 1]
and. So. no_elewonk of g 1 w A, Leiioie any Suck ovdosed Seb 5+, 4
mvariant . TKe lotal number of such ordered sels @ ||, Hewe [A
Siidea 1217 and Poo Ajis o pogrowp. f H<@, Ko oudomorphions
G G which seprevent [T ol belong 5 A} and since [T i by Aypotiie

a Ib{-&ru\«f_, & followra Kot H=1 ad C=6G, Thus (i) i proved .

e /m.,uf[o. toed . kaee mar be westh :l‘dn’é, as T T

LMM 3-2] [k G be any Javu.f and K Qrang uosm&).r
o G coduned & PG)- Lt A= Al G and bt A, couial of M e/
buch Bab [G,o] < K , 5o Mt A< A wd AJA, o cormmplic K
o Sukprrap of Auk /K wdaced by elomeds op A. Tl |A] Nndea IKI"
whie T i Mo minsiius number of genondus of G-

Nob ot 7 ia aloo Mo mininusm numher of genonfors of 6/K and

Q-U-wug o G/9G) .
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() Suppese firal Mk H=36. Then Mo mappls F—> LF,0] , (Fe6),
“‘N‘"f’ac’ ‘a}lLljfwudyer $ied [G,y] < H, hidk &
Aledin , He kemel -grl‘kwlauwcrlm\, eondasna G, by F167) . Thic o fre
fw each ye I'.  Hewce G el bu MALJ‘.J..,-%(‘\.)/&-;..L&"
of GI/G' and so,by jas, & i Mo diect product of T/G" and H/G'
whoe H= HG ad T eomeicls of all Fe G such Mot [§,7] <G, Heac
C<C, I H=6", we ke H=1 by (i) ad C=6 aud fte reull
fllows . It H> G, tten T<G ad we may assame by wductios o
|G| lkat T = [C,rJc. Bt [C,r]<TAH=6"xC adsnT=C,
,AKCSm(g«G, CH io o sulgrry o4 G an) we have CHG'=TH =6 Hee
CH -:?G’ L&, 21 () ad S 2.

ft H+36, b6 K=HA36. Ten L<K<6l. Lt C, comoicl of all
Fe 6 Such Mot [, FJ<sKk. Tl C=<C ad by ddection we may
assume Mot HC, =G. Siew HE 36, we have C, <G . By whichiom
Afacy we may assune Mot [C,,F]C =C,. i pes HC =H[C,,I]JC=HC
Smca Lc,',r]sH. Thio (1) o provel .

W) Let H,=[H,I']. By i), H=<HC ol g0 G=HC. &M,g/uv&a.ut

MNewee G = CH, _aud Lu««v;[auut of G hae Ha form §9, bt FeC, 9,cH,
Tertfve H o gensrale) by HBe elemenks LF9,,¥)=101,,7] , «l& 3 ¢eH,
wd yel. MHMHMM»@JL;F b [n,9) € H ad
H <H. HNeme H =H.
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&

/.c.«m 13-3°

et G halb-JMW‘,&éMl’c_«wAM
J'u,lvx,ro‘l-lx o G and Suppue Kok [M]=p" B m> 1, bt Rat
evemy chaf p-factec of G/M keo order p. Them G a fe SLb exlinsin
Jop M by o maxwal subgroup H o idex p™ & G |

Roof . If K9G ad KnM=1, K G/K sabisfion the condibisns
Ibwoon'u fr G, lf H/K i a ‘J’l‘o‘f ‘fmml,HKM/K w GJK,
fow HAM =1 ad HM=G. Ba,n;&ddwml@l,vewmx&m
Wosume Mot M W K %MMMJ%#G’—,

Lt L/M e o clu’uf fnd’or-[-G', @) Suppre forst fak LM &
'S P’—-m. Ba, 9-% , .L Kkar a f-&JLclnu of CO*\‘-Iu:s‘.li- S}.—.r..lfnufx
H o and fee o ihiavarant &« L. ff N= N (H), it follows B
NL =6 ‘3 lo-8 () . fncn_ HM =L | we fave NM=G. Soa M o
Abclian and revmal o G, NoM i nomal i NM=6. Jhee M ie o
N ) nmJJ-Lrouf of G-, <dbece NOM=1 or M<N, In e second
cane , H9L ad an & norwal &, —sbgoup of L, H i even
characlosbie W L. Thio woul]l uply H< 6 codmy b Mo assumplion
Rt M v i onby miscad normal wubgrowp of 6. HNewe NAM=1 ad

Saew G b P-:o&.l(.., L/M i} net a - grop muol be & p-froup
and It'"’f"‘:l’:l ‘e m«»\ftm» sbout G | we Aave IL:M] =p. Tlen L &
o pogroup  and ppp@Po. 3L A M #1,5} S2@). Sie 3LAM<G
& follows Hat M < 3L, Bukt € L)M & cyelic and kemce L=3L i
Abelin by 7-2(8). Sie M io elimedany f onder p™, L muok
be elomenkang of ordes p™' ;o Mo emly allimatic o foo L fobe o
bype U™72) and shee m> 1 Ki wedd Sply M=0(L) >G> 1,
T, (L)< G, "’d'nu:, & ‘:,,f&u;a Hak M o a simmal nesmal
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S«fro‘ f}sé ket D/C o a f—m /P ID!CI—.:I, ‘J IJ,‘-M and T

CyD +1 by s@ 51, Sice (D)< G, ik follons Kot [M,D]=1,
Lk P={C,t} aud L={(M,n}. S« [L,C]=1,
T=LE,9] ad ' cojugelic & D.

Hewee L[L,D] = {Y} & cpelic . Swee [L,P)< G
bk M o < moumal nevmel Su.(x,fo«f-q/—G.

e comchide Hat DJC must be a plprowp 7. Tia o rpresekid by
MM‘T’»&M ?IﬁMA:’Mﬁ-ML.
a.gfloc(«hol'fn-vkd-LL L‘.q«u«t‘;vnmo;w

AMIWL o4 D, wﬂmuwwﬂat/“l =L,L,-
It\t ”-olzf,

r ‘0

'thj@aa&m,L,Mml‘ ma-re-.g&am

one

Lel'% Co-.'fap;,Lo.
Then W, W, oW < M,

Sice D<a G, He mapping %—-’%k “ o
permikotiin of Wy ... Wy, an i Thiser &9 .

[L,D] o J’—uurub LJ
Bt [L,DJ=<M by 5./ awd So [Y,D)=i
, K codmdichs lha kypoth

B? 13.1, we Rave L

, we odlaim L e lte diek prodack W, W, .- W ,wzzw eacdh W, a

. &-&uMmeWL)mml—Lu(WonM=

wormal Subgronp 4 G .
Pt L/M 'lub;‘:.xpmul

Mmohlultc,lbmqfeflsé

Mls’f élz&/“lkawml&‘irwfo}&%
G) U 16:M| i <ilte a prie or o Spune of a prvine for ol M,
Haw G o soludla . :
(#) /f /G : Ml w&/arw-e,fu-.u,/"l
Note 6k i) =

fen G o supersolodle .

1L~7 Q.) /t' allowns wo k Ao.ru.olvnw Juruda(qu. Ja-ruf.r an ”x‘ux, f”"“‘f—‘
Pm-of'-(i}. uﬁ.la e (Ageol: priwe | P/ OJ—JG‘I,LJ'T be a

Syl p- Sw(rgﬂ’kfaq/(;‘ S H 4 <64 We_imay osecme Kok G/P i seludle

ol o Thia todaduli Mo Lypotboaia tak M i B onby misnin
Jo /tmcmcxbauhafmulnlc and we eonclude



113

by wddion o [G]. Heee G Gosludle |, Hce B G @ poproup aud Kescfore
ce.r'fi;;,(’q soldle . NN (P)< G , bt M be a mu;J.f-Lrwf o} G
comfuiniig N. Ten [G:M]=¢ o ¢°
Bak [6:M] =1 med p by 543, Siee (pog-N =1, we must Lave[6:M]
and p Nades gt - Newce p=3, ¢<2 aud G-;'.u(.J»C.,LJ 7-8, e.m-t(;c},

@) By (), G & sbdle . Lt G<G, > G > -~ 7G=f be a
chicfsones of G. If & i ok Supersoludle | Lt i be o leask wliper for
wlich G, 16 a not a prae . Thea G, /6; i an eluwenfary Abelan
P oovp ¢ ordac P, m> o tome prme p i and Bo prowp 6/G: sebifie
/% /\jfo'ftuu o 133 “ll G, /6. =M. Hoee ltoe s a m»-.d:«lrouf,
H o G &uch Bk HAG, =6, ad HG. , =6. Ren [G:H]=p", codiary
b fa assamphon Hat all wagimal Sabgroups 4 G m};.,m index . lre
Comihde Mak G i supersolode

fv( Jowe ,’ru:-l— Z<,’, L:] ll-_\”-ca.ac;

( Lm) Mewme,. 13-5
G i soldle .

Tia lamem o dun b O Sehnidt “and wma found lalir iopedetl,

L:, Il»"a.law’v.

/{- every amax imand :J.(,«-uuf "4’ G-,,"”‘:o ulfrc&ul: , M

Pmoj«: S-s,:fm ﬂlrc:tc fwo disticct maximal """X"’"f“ M, axd M,
o G such Rt D=MAM +1, Chowe M, ad M,
lirge an possible , and Lt N =Ng (D). By 6-8 (@)
an) bifacy D<M AN. [f N<G, kb M be & maxied Subgrop
4 G cnfamwa. N, 8y fe Mx»'-lig of D, we should lhin hnse M, =M =M,
condfrany &5 M+ M.. Hemew WEABN N=G and DG, By dduliie on 6]
wewauuulb»b G-/DwJ‘M Jr'mu.laulfaéz.j: & follors ket
o 0% PR A |

We may nowd assume Mot M, AM, =1 ﬁrng;_—,;du-o} maysmal
slgrrups M, and M, of 6. f MG, we odbain e sldilly o &
by indidhion m 1G], face M= 1 iyplin Mok 6 o cyelic of order < prom
Omd __in Aby  Cane M, Swfrod&‘cnirof&f ______ Uzqum.f\«ﬁ-m

So fhat D o as
» P< MlnN-':NM‘C"D)
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Jhak no maximmal I-.L-‘,m.f M, 96 wermel w G . Lk IM]=m, and [G:M[=".
B 7la:~ M, 4o =, C-b\dcﬂo&‘ i G awd ligelter e codain exadly |+ (n—1)
dewiki 4 6. Rio number i less Kan [6]= mymy and 5 G muck Kave o
maxmiad Shproup M, of erdec m, ad wdex n, w6, ik o not coguale & M,
6. Sice M, and b coyugalis codan lbescdes Mo wnikl element exactly
ny (my—1)  further elesenks o 6, we oain 1G] = nym, 3 14+ 70n=1) + 7, (n~1)
and S0 m—l z mm=) Zn . Lailaly , n—1 3 na, A G condradich
W 13:876 lbme

(). Sufrm Bk G & net ul-,acb.-.t Lt Rt mu,:vv)ur.f-lr‘{wuff
qua:culfrfiJ: Ba. 3-s 6 o Sbdb . Honer G Ao a maxsnad
notmel Subgrowp M of widix & priop and so 6={ME} wleel o 7
omlg.—/.\" fw.rmra.afrc—m. Sduﬂhdr.l;.twueté,m
kave M= NG ba Fltog subgrowp of G. For Some ¢ +p, Me Sl
g- Subpronp Q o M muet onloin an elimenk y which Joca nof Commils
wl ¥ ,er otfirnce G wwdd be nlpolik . Ten G={5,7} #nem
(Ean} o rot wilpetak 5 and o Q= (9C) and M ic Ha dieck product
of A wlt (8%, n.ewms,uuc.m..;& by fe cyelic
p- mtf} Moveover every  proper Juwlvf& wheeh o novmalizad
by ¥ muct be cendralined by F oy fr ollmonie {(8,,8F= G, would ke
o propis Subgroep of G lub nob silpelat.

(J( melv'q. JLj% W—J‘LM JJ'uda'u L

MB" Let Mo g~ growp [ ‘e,rcfm-c.JU‘ awliovp hisma
"f Ihzm& ML"?’MM&I&QQ»&L—MJJ"GF
urf»olf-e.nfmhmmvv./bmrcr sd?rmfo}‘QMdaml@/b,
Sf&texl&ow QI bt Sk does net centralize §. Then Q=3 &
and Q/dk’ o a cl‘lffuj'” o QT . AWK Eller & is clu-wd"
or Q i of cla 2 bt QA ad & L&#M.t:,wa’:m.

Pru-nd,&ac& ,47’(&\«3; L«er,anpb'Z and e
el continhade R w_ﬁellluhBZl KbtdequLwQ/Q
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Hence Q/& is Izidecomposndle ; for otfinrue lhwe wodld be o [~ ivanit
T Sbgroup @, codaiuiy Q1 and suck Mok [8,y] £ &/, conbimey & hypothina
By 12:5, Q/& o Mo direck produck of Cqiqr () wilk ancller growp . SHac
7 doco not cedraliie Q/R', & follnws Hak y Ioee nef centiubie N (R/R)
el But ,(R/Q7) = 8/’ Wk Q, charmclolic m Q. Nexe B=8,
and 8/ & elomstarg . L W i f:&kcmfddﬂ., & o Moefore achicf
fudur of Qar. | '

Let I ={(yT}. L If =[5 and [; teadinbises @ becanse y doco so. A
[, L] <QF od LQ,r;) b net cadiia) & Qs y bowa net cudials
RIS, i Ko bllir i « chif faksc f O, b follows lhat &' [&,1]
=Q awd hence [&, 1] =@ by 90.6). Sée [@, 1] =1, bt

[Q/,&, L] ad [5,87,8] e cppel & 1. Mewce [Q, a'J-Es. o, =
by ¥ ). s @'= 3Q. ; ,

It Q i not elementary , we have R'F 1 and 50 @'< }6\<Q.. Bt
3R QT ad /" o« chisf fackir of QT 5 50w o Caoe Q=3 Q.
ot FL, be i @ and Lk Y= L], Then J€ 3R ad F j'fp =5T and 5

o 7lEql=Fyl. Bl ple /=38 ad so nl commudin wilt F. Newee
Jiet. The Atehin group Q' & generalid by elomank § f oder g, Tl

Q i chmediy  and lslp'c./o




ki

”_(_F) Lt I‘Lca..,m, lzéXLz‘«c:cL.cW%Lniu/; and Lt
G:X’Lr‘. IF Ir]==, fe L”‘J’"’“‘f’ 14 4 G ..WVAL@L‘.\

_/.J,onbr,b,mltq,luwxd(der) s-u,l\lt.,l: xl’~_‘fﬁmd{,
GP T Thue I o rprecsckd fuliflly by adocoplins oV
Mhum@h%@m'lrwk

et 1=V, < V<o <V =V ke pat ¢ a chif serie 3 V.

" N—fr(ae-t‘ wdd Ia-ml r: :a# ’ ‘J aud'mm’lwm 7 Ve/Ve-r-
/‘ A'—‘-‘é”z e WG ‘a.oc A]< AN fv-ta,ll.o and S0 A w -L,/:-m
by #9 G

7
A frop [ i calld momslilhc lf-:—l'/\anvwl\.,‘mu‘&u;«l,nm\nt
sbprp M. The wplen M+ 1.
Reren 13- () Lot T be a momclilhic prowp such Hak O =1,
Then T Rao a fiBpl ctdalle wprasaditon f med p.
Y Jf pyspes o b are prmes Sk Rak p ot p. (6=2,%)

Thea /tucqiobfn-u’.s(; Ma.._u)o-ldmd:aflenio
: G=6,>6,> - >6=1

1 and Suck HKat ,__,,/G » an -elu.....f.uy A’tylwm[;_—-m ﬁreauﬁ‘ C=lyemym,

Pﬂ”f‘.’ J‘mq. F=4, we Awe A= 1 3 and Il«‘.‘,l...u

=1 fu(.rmch-urumm ﬂaa.r'drcfram.lﬂ
fuﬁ% and dedmcbly b 4,.:1-.%,.&“,, -/ Ve, -

) hen awt, we tom bake 6 & ke eqedic 7 ovder p . Lebni.
53mMé~mn\vmuu.lhuub‘aol. Mf'm&a-.lym
d"“f Seas (=1, lo T, 7 - >, 74 amd Suc Kk e [T; w o o frovup
fec =1, e, Ten 7 & monedhhc . & wnigpe mirsomal notmed
Sbgrop [, 4 @ p_mgmp o Sdo gk g ve ke G M=1
Ba W)y, [T Aw o MI\J, vre bcidle relruewv‘a‘w»f by Mfm.v,[uw,

ol an elonidiy Abehin p-poup G, Lk €= <I‘G‘,,f7 be It
mrm)uj r,t.[ u[upu‘v : S f o v;v;’\cu(.__' G‘,h, FASEPREPVAIEIE,
ortmal  subpcos + & ; & o e only oea by 69, B f
MM Nencs G & menslidle . Sace G/e.., 2.1, G'Laoﬁ%M
f—l\«l,{m,nu wll o G =1 | erc-,"_k(k-lz.,n)a.i,
Ge/6: %2 I, JI: & & p-group, ae reppuced.
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