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qum'oluu'jxr.mc[zuﬁ J:a«wu.lé,«luml.h..a.
maller o’. rowlive & examine [ elpsure Aw)urbu of X, Tle most
u.u,{uL t frne closwre /:ro]»crau will de dewotsd LJ He sSwmall cnfif.lr

P, E,N,P, &, R,S

anol,ifxlom#m,/taﬁ,w,»rutfw shb, okt 3€ hos x
or , as we skl aﬂoo.ug,ftat‘%&x-cw.

Dot e M/n\)-«’uotq_fw K- gronps ('oanl‘*"&-ﬂ’uf.

E., Exlenoor o}_%-m; 63 \%-m: are X—W PV /(<!G,
Ked and G/K ¢ 3 breller wipl, Ge .

N. Novmal JuLa»rouf: 4 X-frowps  are &-gmf: :

Pl Ibm—n’\«t 4 Lo mermal 36—5‘«1»(4“?; ¢ Ay frowp O an K-proup

Q. Quoliet frovps o x-m: are 3€»frv\.fr. |

R. A rendual produckt of lio X-groups & an Lgrowp e, Ki< 6,
GIK, € £ (é=1,2) Gupliea Mot G/ KK, € 3. |
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K o cler Hat | +Xw4~\dw5«ﬂio¢.dnumlbrv7xrﬁ; flen Mo
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Huu-,-ﬁf’ M‘J’mg o&u& flere & gu%w Smalleat
X- osed felass  cofuinsy K. Thie O cadld Mo x-clrsse of X and
W K] Pacy PR 5 63, x %€ . 71»:.4#.34}.;&-4)(% :L.\I,IJJEJZ, lat ¥
w X- oved | %M{ma& are  clear .

Lemma. 16-11 &3 Ltaeltw alisa of frowps  ond u@-zw.‘\nqohu\.r_
Thew i) G 62X & 06 u mlu'ul:lbméuot of.%-xul.sm..fs.
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@ 6 ehX @ G can bl enddl) o an g
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J\U) GcaX <« G-u&AWLcmsn—of-anxﬁm
W) G cRE & G 4 a reidal poduck of Hoproups o k!.MMni‘fqurM
K of & sk ltak 6K ¢ ¥ Lhreck = 1.
i) G €S = G can ba embedled = u&w
i) G € s X < G umorrluc wall a .ftd'w-w 4 an x[@wy)
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wpelonk , o
V= Q®RS .
/—{ G w My froup , we Jc.{-.u,
v(6)
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lemma th .12 U)  lob G o any grovp . asd Lt (6) he Mo clasa
Mh'&f + all fromp< of ordec L {Qgeﬂuwvli all  frowps é-mnr;(a.‘gwﬂ
i v (6 = Vle) . - ‘

W) A cdaas X o growps - v-cleand - aud o«.lg.} V(¢,xG,) <3
fr L 6, 6w * . ‘

P,M,J,: () Obnsuwoly V() & ], R- aad 3-clomed , Aence v-elowed .
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W RoNal | o B gﬁ“,-.lm_a,:IGrI. Mevewser , F & < prowp , Y we defrule
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one - &~ owa erw‘-wu_ wilh Mo erdered n-igféb) o+ element 1 G. Hemen
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Borm FUy o) e Bme wved F. Siee H e V(E), Tun suck waeh £ o
Ch gee M fame vabe o H vhemssee £, BY= Al L) fr
chocees t fe }’nu'u. G‘., Newew we love o Lhmm?lu» oj-,/'r ol F
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Wy [} % =v¥E, I V(GxGN< ¥ for ol 6,6, W X b ().
Cmmdq , Suppar. Koo condibiom o flfild. By 1b-1(x), eveny G avi
o tmeplic wll a sefion o somae grewp H=Gix.o xG, will G eX,

C=1, «oeg M, Newee G € v(H)-.-.'U“(H\ and LJ L_-”uf#u\é ‘U‘(H)s&é Neu ea
Ce % _and g6 y¥H=73E, |

B) Lk £, A, ..o b any 2ok of warde, Tha class o S (f2ik) poon
G hih e relaohei fi=fi= - =1 Al cdekiedl, Wil be
el a vaneh of Frewps o Thee V(S b M snllub vardy codaiy G
Eoeny vanehy & v-elnad | bk Mo coverse iomet e We may defila
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(€)  Lewma 1631G) Jf H=pX, Ho vy prowp & huo a uniqpuely
lericiad  mas vl wiwal %’u‘vgnur X*6. /{~ m ahbun K =NX,
fin HH=H A %G -ﬁreo«j MMS%H%G—

(i) 1‘ E=RE | lfon evoy oy G Aro *“"':‘I/‘“l? delimilel
nowmal Sabprowp GF sech Mat G/G™ € ¥ ami Hot /K ¢ % inphic
X< K. I} w S E=aX, M /KX = KCYK for ey
K< 6, : |

) /é- GFH=aqX=EX , K H=rX aud even 36-.r..1-5,.,..,, 4 G
Contacad vn  XG-, |

W) B = rX=%, M X(Gmd X6)= X6,

W) I %= RXaEX, e (GF)E=6T,

Thio i clear.
/ Dasrem. 16:32 Soppose Mok H=pX =nX and Mok ¥ coda
Jome /s—MG-’%i.' Then G,SG( L. every p-group Lxl,»taz‘;.?(

Fog: & coduin o Subgrnp C of oedic p o) C sba &, Nemew
Coed s X=nX. Bub H=rX ad o ey elomudany pofrmp
bolowge & 2. Neo bk H be amy p-fprop aud Lt K< CUH .
Then o bane growp C ¢ EHK & am anf popoup  wlh o baoie
wu, (xeH) sued Ik /5’1%?—. «p for ko, feH. Thm H
reprosended fadltflly by asdommphine o C . Lkt A=Ak T ad
bt S b a Sl proadgrop o A, TKen H X H whoe H v Some
Shtoup of S, Sk H sha S and K€ ¥, @b will be sufreint §
Show Hab $e X ; o Hen Y wilt follow Kok He 2.

let HI=n awd Lt u) oo u, be amy bao ¢ C . L& C
= (g, r U} %o it C=CG>C > ... >C=0, he C & wnllen
N ™ adomoeplion ¢ C  whid eadradirs eacd C._,/Cx,
thim u::\': w, + th« n um,-..,u,‘_ = U, -+ —(‘:(Kg“,-.j u,,\ . Fer any
Py PO ol Ha fw« & simig o o P sl ul-f-l,, o “u"'ln"‘n ﬁ’_
P 0 + t; and Jo uo— sl (V=02 ..,m) H“" an Mfw}u;.
o(a;?«;,ﬂ.kuu dienkel . Huu.lt.MS Oj»ﬁulmclxufounpl\b
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ca-alno(.v.c ~IAI,,~3Jo S\.&J‘MP&W.:?A
& Lt S; b I frowp of ol xe S wMied cedrabie bott C; and C/C,
CL....-Q., AR [ R P [ T o Ju..‘..fm:, Adedian ""‘l'i""‘f of ocoler ,b"'("“‘.)_
i S S‘; e & . Cw'o..otes, «L.{«..g,lie S, 53 Re condiliom u,F:u,o(,
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0(/3 e S 8w e e B8 el S e Newa S 808 e

N A~j a ?

Sier each S: < S add u.,.t.t—aewae, d Plleun fat SerX an slabd.
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whidn. Ccrvlnb“\m 'ﬁ»d‘m Lo(»‘ E a .r,gc..{-ul 1:’::- of Sura 8"'“?
Eoo\j Sued lane /y o cloced wll m’.goé E all Sesea promary cf'.n.l‘w

DoE s wiAk o possidle exepfion o S. e malt dmportank clonsee
Cem ol T frovpe

F a2 all Senisiiple powpa
L =‘dL.¢yLM,m.e,
I aRibin , e class g all w-teparndl fronsa aMamcL«.;.u
© -sodudle groups we o Ko kid. A all Hese clossea, wAlL fhe excestu
o{..J,m S-clo—u.J.‘
T eleng
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oL = uILA'L.L.,Ms
“ e b:”u.c.l. Vanely and i dned WM ml.ub&aﬂ.#;fn;ggorna‘m
-quf‘: P ad E. , :
,_-:_m_e\,_".‘_lL lek o be amy .wl,.},m;u,(d‘:?(ha.\q cloas o
fromps  amd Lt Y ‘&[tn.d.wac( JLw-:«LJ&N \/Lr.w. -—-fuLﬁo,m
ﬁ%muhwﬁl Lay.
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For example, suppme ok G =HK G Ke produck o Firo mormal Y ~tibgroy

R ) K. Thea 6 e wesoludle ad ¢ S 6 any S—Sbpeop op G,

s S =SAH ad -9,_= SAK ae S“,- JW o} H ad K m/»cdt-&g,
Newes S and S («.l,u.‘t %€ , Bt S = SS and 5<S ,E=n2). Hewea,
BRI Y K=rX | we hae BB SeX and 0 667 TThin)arYy

E&‘Lo&lg .‘MJ” v ’b. Caan ¥k = R36

(E) (b3, -, %, are amy classes of froups, we defue 3, X, .- X, & Le

Ro clars g A grope G Wbt o seriv
G=G, 66 =6, -~ =G=1
Sud Mok G, )G, € %, fPoreach i, Thn mudbjplecdiin of closica ia met
O ;«J.NJ. arsecative | Ue fde :
(9, %) % < % (£%) = X%%.
Lemma 1651 I} %, 8%, 2 ae amy Kier ddusses of prouwps, len dllac of

Ho fllowg Too condibiima 0 Sufficiont & enmwre lut @Y= X(32)

Q@ 'y.“k’y-‘ wd Z=rPZ,

) Y =rRY ald Z=nZ.

he » elear.

Wbl vegard & Be ihecibunce ¢ clowe propectic of % omd Y A, XY,
we Rase ,

L"-mw\ “'32 Uy B ad Y we bott elpned WAl m}neet & any o
D,S,8, N, Men 0 0 XY,

@) /[. 36 ~d we p-clned and ¥-= Qae ﬂu%y, o P-clraed and
XY) G = X (G med %6) .

@) Jb % and Y ae Boclmed and M= nY, Hen EY o Roclined and
| Xt %)t . =

Foc tm.....,,l._ eveny P~:&MM G i cofoarme e f b classen

f’fi" 0}"'0/;1,,':‘— (0.0") f’f'fm'ﬂllitl"e ‘l?q..fmuuf'
PR RO A e &ga, .;G oy dendd Ly 2 L (G) . Rnlbrl(u

(ke f—J«‘-J(-M 4 fL—xﬂ( ok mat £ 7‘0-\ a ?-c.lau_) eLu, P,0° wha
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P
Al /f;./&rmmy aj»u-d‘m an.f-é E .

R ¢ o /»-,fM o} f—lu-jlt 2, Hen e sente o radel

1=0,6<06 <GRIC<B6 < .. <R <@ RY¢ =
o calld Mo wpper p-Comio f G ;  and He Sento p -

6>6%> 6> 6¢P¥> 6% > .66 %y @

o el d s [hw,l’—m oj'G', Uf’u‘ and i Lowyers p-serien o & /:-Jouﬂ.m
»an.rewmlbra/uuf)urad(cm&drulmaj.gs&l,,a’ﬁ'.tm.m-
hott G fom B vight o (1) codaiin le kB bt net Ma\kt)-K Gom from ka
ke (2).
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Neb ltat Balio K clise of ML g wilh & momal Spu= Subgrman.

59 Bt PO & TIad IV - P P—JMM.
Wk H=06 ad K= ¢(H). 0,6 , Min Co(H/K) <.
@) The wbimechin o He codmbives ¢ all chisf p-faches of G & H.
| Prwa('. C) let M= GG, Ten H/M b n p-proup and K/M & b
Fratbmi sdgrong . Chardy | we may ssaume Bat M= 1. Lt C = Cc (H/K)
) Suppre i powoidle Rak CEH. Thoo Mee i o chif faddor L/H o G
Such Mk L= C . (Nokh Wikt H <C fie HIK & Abdi). Suee H=GG
LIH o o pponp ad L Aun o 8- Sidprop § Sucd flat L= SH,
Sien L =C, we kave [H,ST< K and 5o [H,S]=1 by 132 @) , smen by
L:”fﬂ\mfo M=1 ad o H t'.ods}!-&rvur. Hemer L. o I dieck produck ANY
wd H, S echkarl | $96G, S<M=0,6, cotray & M=1. e

3

cemelde it H=20C, 4
@) I N o b iledin of Be codrabison of He chith p-foctma o G,
fn eoeny chaf p-focke op N 6 & cenbiul fackor o N. Ll Ny= N,
M~0.N, K= qN).M . By G, 4 N<N, foe & o p-elumal §cN
which dom nat ewdiabiie N /K, . Bt N /K, b an elometing p-§roup .
Hoer  Boe musk be Soma chif pfachhe L/IM o N Wbl K sMLLZN,
ik o ned endradind by Fo TR b o cadnkin . Meww V=RN, SlaN< G




1S

W fllows ok N H= 0.6, Bub clarly H cadralice evey chif p-fache o €.
Newer N=H.

/ Lesun 1662 Egeny A-froup amd evony madandpolisk group o of polonghh <1
fre all pomies p.

Htu.' the  cass + »JR.J,»«(Zwb fovps i n*=nm .

Pogp + Lok 6 be an A-prowp . e moy assume Kat 0,6= 1 aia
16—/0;,,6'(. an A-growp o M Same p-logh an G, Lok H= 06 , Tan every
Syloe potadtronp S of & odaia H. Siee § u Aedan, $=< C )= CUpty)
By 1861 (), Ko vaplin Kat S = H, siee H=HG aniy & G,6= 1.

Newee G/H & o f"f”‘"‘f axd fo l,(G)s l.

Led - 6 /u.mdm\ilfr&.l:. A‘Iwwc mas asaume Aok 0;:@-:-1. Theow
Fe0G o o p-prmp . fhee G e, GfF @ wilpolik  and ¢ S/F i
b Syl posubproap , Ko S<6 b 6/C b o phpmy. The S=06
b oa Jylew posidpenp o & ad 4(8) < ).

Te clons &, o sobidl proups  hich aw op p-leghh < 1 for L
ﬁ Thie  tondnsns mawy of He wmove u\tiw-fu-’ J}sﬂ-cul, /f.u;J\ o Soludle froup
Y. J«WMW, Z- drey 5 t‘-mi)lo-.nﬁ) prowps efe .

Theromn 167 Leb G b & posdidl provp. Ten e follonig
contibiona are eppuidafink . _

©) L&) =1t

Gi ) E\my ”"“‘"8""“7’1) o G L a {:,lu f"‘“"’*"”‘? of Soms Submormal
Eibtroup of Gt DIPECEPL L prma ),

B By prwenial pedibpy o Gl L Wyl e fubpeug of s
novmal I“‘T’"‘?‘ 4 G.

Qf) 71:_ audowmizer w G oj, evevy tlw.{ /’-fdd'ae ! G i a ngrfM,s.

QYDO‘}! L;) i Q') FN* Lﬁ' > ‘e, ~ %[o..a /»»J%of G ,Cu\j'a.u\u:? T,
Bk Q,,(.G)Si, lbve exol noveal %.,.r L ad K o &G such Rat
L=SK oxl S/\K=1, H(»\u. L//( §S3MJ,Ma P.flh S‘, M_A‘v.g
KP J(A\ Kg'-:L Q.AASu KP J(ﬁ\ 6‘—. MK!» a. /)Lm aad "a\a./)uk

\%LM /’~.fu‘rr\’wf 1, KP.
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@) = . Sv-f,no T o o provormal ’—S«J»grouf-}G—. By Aypethtenia
B IP.”G: Pl s }rwu. '&", . Bud LI 6-bs s e Subeormal ehwis i P”.G—of F
i G tnecden wkt i rotmal tlawe K=(P®}, Mew T“x\%lmof-tuﬂrw

} e novrmal wal( of G . '
i) = () . HMere we reed Ha

LQM& I[a'ZI . led G be a..f-.rdw‘é. Frovp and suﬁ,w./lu:
—“.’P(.G/K\< «l:lf(,G) for all W.‘.J‘W K31 o 6. The
G & menolilhic ; & MVLMMJWM “  an
elimsndony Abciom p-gronp and WD,
Sbgeny complementany & M w G, MAS=1

Faop = Suppne G had Ao differenk mimuial normal Subgroupe M and
Moo By Aypttass , G/M  and 6/M, are of p- lengh ob mnt &1,
Bk MaM =1 ad kb can G BT & Roclosed . Heuw 2,6) < 21,
o codralichoy . Mewea G G momolidlid , s

Sber & o posedidl, M G eidfic an elmentan Akolin prgrowp o
the o plproup.  The Second eane s exchidel sdon o wedd make £,(G/M)
=4 . Lt L=0,(6 medM). Thn L>M gpice offenmie we
Kodd agarn have L(G/M) = 4(6). Heen L=MT, hoe T on §7 subpeny
¢ L. Lt S=N(T). Then MS=6 b I akemorcianc o T & L .
Hemew MAS <@ MS =6, Y\l o M i Abeban . If M <SS, lhn L
wondd be He Diceck prdwck o M and T and we Skold have T char L |
T G, T 1 | codrary & e vz mowolllee chameler vf G. Hemer
MES ad o MnaS=1, by He sivnicdly of M o o nomed sibgroup of G
T proves 16-71.

Now &b G subafy i) 167, Leb K6 and chowe K & ke
maxmal  Subect € 4 (G/K)= 4(6). Ren M= /K sabifin #a kyprftens
o W3l By Lbg, evey promsrmal posubgres o @MVe [T Aal K
foom. KP/K Whoe P sene. /smm.i f—JJ,M ot G By /L:,po#ad,

e L sl Salronp L of G Suck hek P i a floo posibpoap
¢ L. T KP/K o« Sylow p-sibpwp o0 LK/K o) LK/K T,
e Toale sdo‘-f.b Ui) . Hence we masr assume u&(&oui‘/«a-j-‘]mldy-
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Rk 6=T=MS, MnS=1, hve M s a miwsd nonal Sibpenyp o2 G
T wd M= p L Spose i ponsidle bt p Kides [S] end bE B be o
$ylow posibproup o S. Sice M © o Pt we hwe A=IM,Pl<mM,
Neo C=CM) o MS=G and, smee G & memoldbic, b follows ok C=1,
bt B+1, by hypiMhasa . Hewee B +14. By bbyg, H=PP v «
/:m«m...ﬂ, I—Su.dffo-\-f b G. Sim RB#+1, we hwe M= (H®}. Sice
CHAM=P <Mk flow Hat H i net o Syles posabgroup o (HOY.
T tontradiehs (i), We eomchde Hak S & w pproup and o 4(6) =1,
U)=> W). Fee it fr(G)--i , lee are normal Id-s,an\r L and K o
G Suck Mt L =KS , KNnS=14 dve S ¢ a Sbo P obproup oA G
Ren evewy chif p-foctw o 6 & hesdank wilt ome of He form E/D whan
K=D<bE=<L. By g3y), C(E/D) enduin L. Buk G/L o a plprny
wd So Ac(E/D) i o plgrenp.
s, ) = (). H‘N,D&’b—fv(vo.d.a‘.@?)’:}@),mr?(.m_GLso_
WM of Sralleat  ordec ‘um:( /t-..!'aun./-[ugft w G, 714.\&.#..3,
) Mw;imdijt by 6, we have G=MS, MAS =1, whoe M i
e WV‘-‘-”‘“"“""‘M“‘J’J‘"’V?G an) :oCS(M)-:-.i./(‘*ﬁdow ;
b S 2 Ag (M) . Hewee S b o plgrp ad 4,(6) =1.

Rocand oo lla t(/u‘mlma. of 16F () ad (@) & poud a a rallic
Mate Jau-o.ﬂ, 7&»\, (M’f‘ m‘h\c(l) \b K ly)?d'fzdnia ikt G o f—fM)
-~ AJ LJJAM.%'!' :

(6) Lemma 16:8 () The eluss of M groupe G ikt TG=1 o
D-, E- R~ ad N~ clmed |, Lt wit P-, &~ o S- cloed

W) Daally, fle clss f b grovpe G wilt G=G™ (U K props it/
e Jw.uzﬂla Mot w’_ol;,....,lz) o D~,E-=_I’-"a.diq-do§...3’,lml-u~&
N=, R~ of S=clmed .

—
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